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ABSTRACT:  In this paper, stress-strain-dilatancy relationships of normally consolidated Dhaka clay is 

presented. Two constitutive models Cam-clay model (both original and modified) and sub loading tij model are 

used in this paper. To obtain the parameters, drained triaxial tests of saturated cylindrical specimens under 

compression is conducted.  One dimensional consolidation test is also conducted to obtain other model 

parameters namely compression index and swelling index. Total four sets of the undisturbed specimen are 

prepared where each set contains two specimens. Consolidated drained triaxial compression tests are conducted 

on first three test sets and thereby stress-dilatancy relation in compression condition is evaluated. To understand 

the behavior in extension one-dimensional consolidation test and drained triaxial test are performed on the test 

set four to obtain the model parameters. It is observed from the stress-dilatancy relationship that, sub loading 

tij model can well describe the stress-dilatancy behavior of normally consolidated Dhaka clay than that of the 

Cam-clay model both in compression and extension conditions.  In compression condition, sub loading tij 

model presents almost a unique stress-dilatancy relationship for all three sets of specimens. Also in extension 

condition, a unique relationship between stress and dilatancy is observed where Cam-clay model failed to 

describe it uniquely. Therefore, sub loading tij model can be used with better accuracy for the Dhaka clay. 

Keywords: Stress-Dilatancy Relationship, Constitutive Modelling, Stress-Strain Relation, Drained Tri-axial 

Test, Consolidation Test. 

1. INTRODUCTION

With the development of modern geotechnical 

engineering, application of numerical techniques 

like finite element method becomes essential to 

solve the complex geotechnical engineering 

problems.  These methods depend largely on the 

stress-strain behavior of geomaterials to solve any 

problem.  

Again, most of the cases geotechnical 

engineering problems are solved by considering soil 

as an elastic or rigid plastic material where stress-

dilatancy characteristics are not taken into 

considerations. As soil is an elastoplastic material, 

most of the designs are either over designed or 

under designed for not taking proper considerations 

of constitutive model. There is the necessity of a 

constitutive model which can simulate the soil 

behavior accurately. On the contrary, most of the 

constitutive models are not able to simulate the 

behavior of the soil accurately and does not fit with 

all the soil types as well.  

The first simple model which considered the soil 

as an elastoplastic material is the Cam-clay model. 

In the Cam-clay model [12] positive dilatancy 

during strain hardening is not taken into 

consideration along with some other limitations [6] 

which are as follows: 

(i) Influence of intermediate principal stress on the 

deformation and strength of soil (ii) Stress path 

dependency on the direction of plastic strain 

increments (iii) Positive dilatancy during strain 

hardening (iv) Behavior of soil under cyclic loading 

(v) Soil anisotropy (vi) Influence of density and/or 

confining pressure on the deformation and strength 

(vii) Behavior of structured soil (viii) Soil 

anisotropy and non-coaxially (ix) Time effect and 

age effect (x) Unsaturated Soils. 

To overcome the limitations of Cam-clay 

model, Subloading tij model [6] had been developed 

which provides a better performance in loose to 

dense sand and soft to stiff clay. Some of the 

features of the model are as follows: 

(i) The influence of intermediate principal 

stress on the deformation and strength is 

considered [8]. 

(ii) The stress path dependency of plastic flow is 

considered with the introduction of the 

plastic strain increment dividing into two 

components: a plastic strain increment 

which satisfies an associated flow rule in the 

tip space and an isotropic plastic strain 

increment due to increasing mean stress. 

(iii) Positive dilatancy during strain hardening is 

considered in sub loading tij, model [9]. 

(iv) Influence of density and/or confining 

pressure on the deformation and strength are 

taken into consideration by introducing and 
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revising the sub loading surface concept [2]-

[3]. 

(v) The behavior of structured soil such as 

naturally deposited clay can be described 

[7], [10]. 

In this paper comparison between this two 

simple constitutive models in terms of stress-

dilatancy relationship is made to choose a better 

constitutive model for Dhaka soils. 

 

2. DESCRIPTION OF DHAKA CLAY 

 

Geologically Dhaka is situated in the southern 

half of the Madhupur Tract which is the oldest 

sediment exposed. The tropical clay soils of Dhaka 

are mainly composed of illite, kaolinite, chlorite and 

some non-clay minerals [4]. The Dhaka clay varies 

from light yellowish gray to brick red in color. In 

general, the soil is normally consolidated to slightly 

overconsolidated and of intermediate to high 

plasticity [5]. 

In the present study, the sample is collected 

from the Mirpur area (23°49'49.8"N, 90°22'34.2"E) 

where the reddish clay layer extends to about 10 m 

depth. 

 

3. STRESS-DILATANCY EQUATIONS 

 

In this paper, comparison of stress-dilatancy 

relationship is made among the original Cam-clay 

model, Modified Cam-clay model, and sub loading 

tij model. 

  

3.1 Cam-Clay Model 

 

Like most of the constitutive models for soils, 

Cam-clay model is formulated using the stress 

invariants, e.g. mean stress p and deviatoric stress q 

and the strain increment invariants, e.g. volumetric 

strain increment 𝑑ε𝑣  and deviatoric strain 

increment 𝑑ε𝑑 [6],[12]. 

Yield function of the model is defined by the 

following equation: 

 

ln p + ζ(η) – ln p1 = ln 
𝑝

𝑝0
 + ζ(η) - ln 

𝑝1

𝑝0
 = 0              (1)  

 

Where, ζ(η) is an increasing function of η (η= q/p) 

and satisfies the condition ζ(0) = 0, p0 is the value 

of the initial yield surface at p-axis, and p1 

determines the size of the current yield surface (the 

value of p at η = 0). 

The stress ratio function ζ(η) is expressed as 

follows in Cam-clay model: 

Original: 

 

ζ(η) = 
1

Μ
 𝜂                                                                     (2) 

 

Modified: 

 

ζ(η) = 
Μ2+𝜂2

Μ2  𝜂                                                                    (3) 

 

Here, M is the stress ratio, η at a critical state. 

 

 

Fig. 1 Yield surface of Cam-clay model in p-q 

plane. 

 

The plastic strain increment assuming 

associated flow rule than can be expressed as 

follows [6]: 

 

𝑑𝜀𝑣
𝑝

𝑑𝜀𝑑
𝑝 =  

𝜕𝑓
𝜕𝑝⁄

𝜕𝑓
𝜕𝑞⁄

 =
1−𝜁′(𝜂).𝜂

𝜁′(𝜂)
                                                    (4) 

 

Using Eq. (2), Eq. (3) and Eq. (4), the stress-

dilatancy relation can be derived as follows: 

Original: 

 
𝑑𝜀𝑣

𝑝

𝑑𝜀𝑑
𝑝 = Μ − 𝜂                                                  (5) 

 

Modified: 

 

𝑑𝜀𝑣
𝑝

𝑑𝜀𝑑
𝑝 =

Μ2−𝜂2

2𝜂
                                    (6) 
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Fig. 2 Stress-dilatancy relations of (a) Original 

(b) Modified Cam-clay model. 

 

3.2 Subloading tij model 

 

In the subloading tij model [9] yield function is 

given by,  

 

ln 𝑡𝑁+ ζ(X )– ln 𝑡𝑁1 = ln 
𝑡𝑁

𝑡𝑁0
 + ζ(X) - ln 

𝑡𝑁1

𝑡𝑁0
 = 0        (7)    

      

Here,   tN and tS are the stress invariants in tij concept 

[9].       

                           

 

Fig. 3 Yield surface of sub loading tij model in tN- 

tS plane. 

 

The stress ratio function ζ(X) is then given by 

the equation below [1],[9]:   

 

ζ (X) = 
1

𝛽
(

𝑋

Μ∗)𝛽                                                        (8) 

 

Where β (≥1) is the parameter which controls the 

shape function.  

Finally, the stress dilatancy relation can be 

expressed as, 

 
𝑑𝜀𝑁

∗𝑝

𝑑𝜀𝑆
∗𝑝 =

1−𝜁′(𝑋).𝑋

𝜁′(𝑋)
=  

(Μ∗)β−𝑋β

𝑋β−1                      (9) 

 

Here, 𝑑𝜀𝑁
∗𝑝

 and 𝑑𝜀𝑆
∗𝑝

 are the strain increment 

invariants in tij concept.  

Again, Μ* is expressed using XCS and YCS, 

which are the stress ratio X and Y at the critical state 

(dεv
p = 0). 

 

Μ* = (XCS β + XCS
 β-1YCS)

1/β                                       (10) 

 

Xcs and Ycs are expressed as follows [8]: 

 

𝑋𝐶𝑆 =
√2

3
(√𝑅𝐶𝑆 −

1

√𝑅𝐶𝑆
)                    (11) 

 

𝑌𝐶𝑆 = (
1−√𝑅𝐶𝑆

√2(√𝑅𝐶𝑆+0.5)
)                                  (12) 

 

Where Rcs is the critical stress ratio and expressed 

in terms of principal stress ratio as follows: 

 

RCS = (σ1/σ3)CS(comp).                                               (13) 

 

 
 

Fig. 4 Stress-dilatancy relation of sub loading tij 

model. 

 

4. SAMPLE AND TEST DETAILS 

 

In the present study, the sample is collected 

from the Mirpur Ceramic Road area, Dhaka 

(23°49'50.4"N 90°22'30.9"E). Total four tubes are 

collected from different depths at the location. 

To evaluate the physical and index properties of 

Dhaka clay, grain size analysis, specific gravity test, 

liquid limit and plastic limit tests were conducted 

according to the corresponding ASTM standards. 

Grain size analysis shows that the sample has 30 - 

34 % clay, 60 - 66 % silt and 4-8 % sand. The 

specific gravity ranges from 2.67 to 2.7. The liquid 

limit ranges from 27.0 % to 29.0 % and plastic limit 

ranges from 24.0 % to 26.3 %. 

The mechanical tests include one-dimensional 

consolidation test and consolidated drained triaxial 

compression test.  

 

Table 1 Test and Sample Details 

 

Triaxial compression test 
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a 

1 A 38 76 0.97 199 

B 38 76 0.98 397 

2 A 38 76 0.95 150 

B 38 76 0.96 390 

3 A 38 76 0.95 196 

B 38 76 0.94 398 

4 A 38 76 0.96 201 
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One dimensional consolidation test 
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4 B 63.5 20 85 99 

 

5. ANALYSIS AND RESULTS 

Fig. 5 Observed Stress-strain relation. 

 

Fig. 5 shows the observed stress-strain, 

volumetric strain – deviatoric strain relationships of 

the test sets (test set 1-3) under different effective 

confining pressures ranges from 150 kPa to 398 

kPa. Compression loading is applied to observe the 

stress-strain behavior.  

 
Fig. 6 Observed Stress-dilatancy relation of Cam-

clay model. 

 

Figures 6 – 8 show the observed stress – 

dilatancy relationship of Cam-clay model and sub 

loading tij model. In Fig. 6 it is observed that stress 

– dilatancy relation of original Cam-clay model is 

linear. From both Fig. 6 and Fig. 7 it is observed that 

in Cam-clay model there is no unique stress 

dilatancy relationship established as the shape of 

yield surface on the p-q plane is dependent on the 

intermediate principal stress. In case of subloading 

tij model as shown in Fig. 8 a unique relation is 

established amongst the different specimen of the 

test sets due to its independency from the influence 

of intermediate principal stress.  

Fig. 7 Observed Stress-dilatancy relation of 

Modified Cam-clay model. 

 

 

 

Fig. 8 Observed Stress-dilatancy relation of 

subloading tij model. 

 
Fig. 9 Observed and calculated e-log curve.   

 

In Fig. 9 observed results of void ratio, e and 

mean stress, p of the specimen B of the test set 4 is 

plotted. Calculated results are obtained using the 
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observed parameters from the test following the sub 

loading tij model. Hence, density and bonding 

parameters of the soil is obtained as presented in 

Table 2. 

 

Table 2 Material parameters of Dhaka clay 

 

Parameter Notations Value 

Compression index λ 0.07 

Swelling index κ 0.013 

Void ratio at atmospheric 

pressure (98 kPa) 

N 0.68 

Critical state stress ratio RCS 2.8 

Poisson’s ratio νe 0.2 

The shape of the yield 

surface 

β 2.0 

Influence of density a 980 

Influence of bonding b 85 

 

In Fig. 10 material parameters obtained from 

Table 2 is verified by plotting calculated results of 

stress ratio (q/p) and deviatoric strain (εd) using the 

sub loading tij model with the observed results of 

specimen A of the test set 4. Hence with the verified 

parameters, stress-strain relation under extension is 

calculated and plotted using the sub loading tij 

model. It is observed that for the same specimen 

there is no unique relationship between stress-strain 

under two different loading conditions. 

Fig. 10 Observed and calculated Stress-strain 

relation under triaxial compression and extension. 

 

Fig. 11 shows the observed and calculated stress 

– dilatancy relationship under triaxial compression 

and extension. In Fig. 11(a) and Fig. 11(b) it is 

observed that in Cam-clay model there is no unique 

stress dilatancy relation established. This is because 

of the influence of intermediate principal stress on 

the relation between q/p and 𝑑ε𝑣  / 𝑑ε𝑑 . Thus the 

models formulated using these stress invariants 

cannot provide a unique stress-dilatancy 

relationship.  On the contrary Fig. 11(c) shows that 

in case of Subloading tij model a unique stress-

dilatancy relation is established both under 

compression and extension. In tij concept the, stress-

dilatancy relationship is independent of 

intermediate principal stress.  

 (a) 

(b) 

(c) 

Fig. 11 Observed and Calculated Stress-dilatancy 

relation of (a) Cam-clay model (b) Modified Cam-

clay model (c) Subloading tij model under 

compression and extension. 

 

6. CONCLUSION 
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From the analyses presented in the paper, it can 

be concluded that, 

1) Stress-dilatancy relations of both original 

and modified Cam-clay model is not unique 

for all three sets of the specimen under 

triaxial compression tests. On the contrary, 

Subloading tij model can describe it almost 

uniquely.  

2) For the same specimen, the relation between 

stress ratio (q/p) and deviatoric strain (εd) of 

triaxial compression and extension tests are 

not unique when expressed using these stress 

invariants. 

3) Stress-dilatancy relations derived from 

compression and extension test of the test set 

4 shows that Subloading tij model provides 

unique relationship whereas Cam-clay 

model failed. 
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