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ABSTRACT: The study of internal waves has become important because they are associated with the energy
transfer mechanism across continental shelf edges. In addition, they also can cause strong localized
departures from the surrounding ocean conditions, resulting in increased shear stresses on underwater
structures and large variations in acoustic transmission properties of the ocean. Therefore, the internal waves
cause problems in many areas such as offshore oil recovery, acoustic propagation in the ocean, and deep
water outfall. Hence, this paper is conducted to study the two-layer long-waves propagation through
submerged humps using analytical solution. Equation involved in this study are mild slope equation and the
methods involve are separation of variables and a series solution. In this study the effect of the geometry of
the hump when water waves propagating through the humps are also studied. Besides, the density ratio also
give significance effect to the surface wave elevation. An analytical solutions obtained in this study is useful

in reviewing applications and condition of the wave amplitude on submerged hump.
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1. INTRODUCTION

For almost two centuries, the progression of wave
modeling research has intriguing many researchers.
With concerns about energy are likely to become
extinct, the future energy such as renewable wave
energy are become one of the interest. According to
Stewart [1] there are several types of flows in the
ocean, and there is a type of flow which conserves
forces and restores it with respect to density in
different underwater depth called internal waves.
Internal waves is formed by tidal currents propagates
seamounts, continental slopes and mid-ocean pits
and the waves projects tidal energy. The internal
waves contain a large amount of energy, produces
noises at the surface of the sea, which eventually
causes cusps in the sea-surface spectrum, as
discovered by Munk Cartwright [2]. The study of
internal waves is pioneered by Stokes [3], Lamb [4],
and Keulegan [5]. The process of wave phenomena
such as refraction and diffraction of ocean surface
waves can generate the energy. The famous mild-
slope equation to study the refraction and diffraction
on the ocean wave was introduced by Berkhoff [6].
Then, this equation is widely used by many
researchers [7-10] for single layer fluid and [11-13]
for two-layer fluid. Recently, Harun [13] constructed
the two-layer fluid for waves propagating over a
bowl-pit. By extending [14] to two-layer fluid the
analytical solution towards two-layer propagating
waves over a submerged hump of variable depths is
discussed.
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2. ANALYTIC SOLUTION

This section present the derivation of the long
waves propagating in two-layer fluid over a
submerged hump of variables depths by utilizing the
solution given by Zhu and Harun[12] and Niu and
Yu[14]. Consider, a train of plane long waves
propagates in two-layer fluids with constant depth,
h, and h, and the densities for upper and lower layer

are denoted by p,and p, is refracted by an axi-

symmetric hump-shaped located on the ocean floor
as depicted in Figure 1. The geometry of the hump
which located at the lower layer is as described in
[14] and defined by

h, :

r>b

1
r<b. M

Here, b is the radius of the hump in the horizontal
plane, & and £ are two independent parameters

which control the shape of the hump. Here, £ must

always satisfied the relation S = (h, —h,)/b“
and ¢« is considered as a rational number defined by
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Where P and q are integers and =0, p>1,

q=2.
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Fig. 1 definition sketch of a hump located on the

floor in two-layer fluid systems.

Separation of variables

By extending the solution given by [14] to two-layer
fluid, the mild-slope equation in two-layer fluid is
used to find the solution. Thus, when the wavelength
is much longer than the wave height, the two-layer
mild slope equation can be written as [12]

_ 2
V. ((Pz p)hh, Vn)+0'_77 -0
p:h, + p,hy g
3)
where

ol = gkz(pz - p)hh,
pihy + p,hy

and g is the gravitational acceleration, o is the
angular velocity and K is the wave number.

Because our system is axi-symmetric with respect to
the z -axis, it is convenient to adopt a cylindrical

coordinates system (r,&,z) . Equation (3) can be
constructed via separation of variables as

n= i R, (r)cos(n@)

(4)
with R, (r) satisfying

31

d’R
P2 (W, —w,rt —w,) ——"+
dr
drR
r(=w,r’ —w,,r? —a3)d—”
r

+ ((Wsarza +W6ara +W7a)ﬂr2 -
n’(a,r’*® +a,r* +a,))R, =0
(%)

where

W, = (o, = p, )ﬁzplhl;

W, = (o, — p,)(2hy o1 + ;) By

W, = hshy (o, = P, )Moy + 0y p,);

W,, =h (o, - p,)(hp,a+2hp, + i p,) B
Wy, = ﬂzplz

Ws, =28p,(hyp, +hyp,)

W;, = (hyp, + h1p2)2

2

(o)
H=—
g

The Frobenius Method

In this paper, we only consider & as a rational
number. In order to use the Frobenius method, we

have to let r = sY, substitute this to Eq. (5) we have

d’R,

ds?

S2(W,S%P +wW,s” +w,) +

drR
s(w,s?? +w,,sP +a,)—>
ds

+((W532(p+p) _Wes(p+2q) +W752q)_
g’n®(a,;s*® +a,s” +a,))R, =0
(6)

where

W, =hy (o, = p, )N, P+ 20 oy + 0y ) B
Wy =—4%p," 1?
We =—28p, (hyp, —hyp,)19°
w, = ~(hyp, —hyp,)* 19°
Eqg. (6) is only second-order ordinary differential

equation, thus, the general solution can be obtained
using the Frobenius series method:
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R,(s) = iamsm*C
m=0
)

where C is the root to be determined from the
indicial equation and &, are the recurrence relation

to be determined and a, # 0.. Substituting Eq. (7)
into Eq. (6) results in:

> 8,5 {[(m+c)? ~q*n*Iws??
m=0

+[((m+c)(m+c-1)—g°n?)]s’
+[(Mm+¢)® —g*n?Iw, +w, p*P

+Wep "+ W, p* ) =0
(8)

Re-indexing Eq. (8), leads to

[(m+c-2p)* -g°n’lwa, ,, +
[((m+c—p)(m+c-1)-qg°n*)w,
+(m+c-pw,Ja,_, +

2 2,2
[(m+c)”—g°n°lw,a, +w.a

m-2(q+p)
+W6am—(p+2q) +W7 a'm—2q = O
©)
where  @;_p A o0y pgip)r Am_(pr2g)  aNd
An_pq €qual to zero with the negative value of

subscript. The indicial equation can be obtained by
lettingm = 0 in Eq. (9) and leads to

c=+nq
(10)

By the original variable r, these two distinct roots
of the indicial equation lead to two sets of linearly
independent solutions:

Ra(r) = 2,
m=0
11)

RZn(r) = Rln In(r) + merm/qfn
m=0

Since R,,, becomes singular at r =0, it has to be

discarded with the imposition of the condition that
water surface elevation must be finite at the origin.

(12)
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Now, by considering Eq. (11) and when
p<2q, a<2,Eq.(9)gives
a, =0, for
O<m<p
[(m+ng - p)(m-+c—1)-g*n?)w,
+(m+nq—p)w4]am_p
4n = 7 22
[(m+na)® —q“n“ Jw,
for p<m<2p,
([(m +nq - p)(m +c—1)-q*n%)w,
+(m+nq—p)w4]am_p
2 2.2
+[(m+ng-2p)° —-q°n ]Wlam—Zp)
n =~ 2 22
[(m+na)” —q“nIw,
for 2p<m<2q,
([(m+nq— p)(m-+ng—1)-q°n®)w,
+(m+nq—p)w4]am_p
2 2.2
+[(M+ng-2p)©—-qg“n ]Wlam_2|D
. __+W7am_2q)
[(m+ng)? —q%n?]w,
for 20<m< p+2(q,
(I(m+ng - p)(m+ng-1)-q%n?)w,
+(m+nq—p)w4]am_p
2 2.2
+[(m+ng-2p)©—q“n ]Wlam_2p
a __+W7am—2q +W6am—2q)

m

[(m+na)? —g%n?Jw,



International Journal of GEOMATE, May, 2017, Vol.12 Issue33, pp. 30-37

for p+29<m<2(q+p),

(I(m-+ng—p)(m+c—1)-q°n?)w,

+(Mm+nq-— p)w4]am_ 0
+[(m+nq—2p)2 —q2n2]w1am_2p
+W7am—2q +W6am—2q)

+W5am -2(p+0)

[(m +na)® —q%n®Jw,

m>2(q+ p).
(13)

for

Then, when p > 20, « > 2, Eq. (9) leads to

a, =0, forO<m< 2q,
a =— W7am—2q
m 2 272
[(m+nq)~ —q“n“Jw,
For 20<m<p,
W7am—2q
2.2
+[((m+ng-p)(m+nq-1)-q~n~)w,
+(M+nq- p)w4]am_p
a, =-—

[(m+na)” - q°n“]w,

for p<m<p+2q,

(W7 am—Zq +

[((m+nq - p)(m-+ng—1)-gn?)w,
+(Mm+ng- p)w4]am_p

_ + WGam—(p+2q))

m

[(m-+na)® - g?n?]w,

for

p+29<m<2p,
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(W7am—2q +

[((m+ng - p)(m-+nq -1)-g2n?)w,
+(m+ng- p)w4]am_p

+ W6am_(p+2q) +

__[(m+nq-2p)° -g’n’la, ,,)

m

[(m +ng)® - g°n“Iw,

for 2p<m<2(q+p),

(W7am—2q +

[((m+ng - p)(m-+nq -1)-g°n?)w,
+(m+ng- p)w4]am_p
+ Wﬁam—(p+2q)

+[(m+nq-2p)° —a°n’a,_,,

_ + Wsam—z(erq))

a. =

m

[(m+ n6)” - g%n? Jw,
for m>2(q+ p).
(14)

where M denotes the number of recurrence
solutions for Frobenius series that we have to find
until our solution is converged to a desire point,
while N corresponds to the wave propagation modes.

Matched solution

For the general solution in the finite region with

variable depth I < b, the water surface elevation is
given by

m= ch R;, (k,r)cos(n®)
n=0
where C_ is a set of complex constant to be

(16)

determined. In the constant region r>b the
solution is given by

m=mn+n,
(17)

where 77, corresponds to the incident wave and 774
to the scattered wave which defined by:
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m = Ae™ =AY i",J, (k1) cos(no)
n=0

(18)
775 = ZBnHln (kor) COS(nQ)

n=0
(19)
in which A, is the incident wave amplitude,
i=+-1, K, is the wave number in the constant
region, J is the Bessel function of the first kind,

B, is a set of complex constant to be determined,

H,, is the Hankel function of the first kind and &,
is the Jacobi symbol define by

{1’
&, =
21

(20)

n=0
n>1

The solution in these two sub-regions must be
matched on the common boundary I =B, require

nm =1, (r=Db)

(21)

om _0m, (r=h)
or or

(22)

Therefore, from Eq. ((16)-(19), the coefficients Cn

and B, can be determined as

— A| ingnI:Rln (b)kOJ”(kOb):I

_ ~Riy (0)3, (k;b)
" Rln (b)ko H 1'n (kob) - Rlln (b) Hln (kob)
(23)
C ~ 2A1i n+l€n
" ﬂb[ Rln (b)ko H 'ln (kob) - Rlln (b) H1n (kob)]
(24)
in which the prime denote derivatives. By

substituting these coefficients back to Egs. (16)- (19),
the water surface elevation for entire domain can be
computed.

3. RESULTS AND DISCUSSION

This section presents a comparison of newly derived
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solution for a special case by taking %z =0 with

the single-layer equation discussed in Niu and Yu
[14]. Then the effect of the density, wave height, and
hump shaped to the wave refraction are examined.

Comparison with the single layer fluid

Since the 2-layer fluid model should reduce to
single-layer model when p, =0, it would be
interesting to compare both model, as part of
verification  process. Let p, =0, p, =5,

h =h,=3h,=28b/L=05and L =1204.

Figure 2 shows the comparison of the relative
amplitudes along x-axis for two- and single-layer
fluid models. As expected, both solutions are hardly
distinguishable.
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Effect of the density ratio

The effect of the wave refraction when the ratio
of densities %2 are varied while other parameters

remain constant is discussed in this section.

Fig. 3 shows the comparisons for each value of
%Z along X -axis corresponding to %2 =0, 1/5,
2/5, 3/5 and 4/5 while other parameters being fixed
to b/L=05, h, =h, =3. From this figure, it can
be clearly seen that, the relative wave amplitude
increase with the decreasing value of %2 . This

phenomenon occurs because, when the fluid is
denser, the restoring force is weaker, resulting in
smaller wave amplitude. Thus, we can conclude that
the difference in density give very significance
effect to the relative wave amplitude.
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Effect of the layer thickness

Fig. 4 illustrates the relative wave amplitude for

three difference values of h, /h, with %2 =3/5.

We can see that, the depth of the fluid layer also has
significance effect to the relative wave amplitude.
When, the upper layer is thicker, the wave can
amplified more, whereas, when there is less fluid in
lower layer, the relative amplitude getting smaller to
balance the weight of the upper layer fluid.
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Fig. 3 Relative wave amplitude when plpz are
varied.
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Fig. 4 Relative wave amplitude when %Z =3/5,

and h, / h,are varied.
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Fig.5 Relative wave amplitude when %z =2
and « are varied.

Effects of the hump profiles

Next, the topographic effect when the hump
profiles are changed is studied. In here we set

_ 5 ;
a= %,A and 2. From Fig. 5 we can observed

that, the relative wave amplitude is increase with the
increasing of the ¢ that control the hump profiles.
This is because, when the value of « increase, the
area of the hump is expanded.

Comparison of Contour Plot between Single Two
Layered Model

As mentioned earlier, this two layer model is
derived and proved to be reduced into a single layer
model from [14], and we have obtained the surface
wave amplitude is fairly the same from each other

when P = O. Now we compare the contour plots

from both model with the fixed value of P and Y.
From the observation, there are more distortion of
surface wave elevation near the hump of the two
layered waves against the observation from [14] as
shown in Fig. 6 with the value of density ratio

V=215 L a=1/2
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Fig. 6 Two-Layered Model (above) in comparison
to Niu and Yu (2011) results with
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Fig. 7 Two-Layered Model (above) in comparison
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to Niu and Yu (2011) results with & =1

By using the same value of & with the increasing

b/ =
value of the density ratio /2 as seen in
Fig. 7, concludes the distortion of wave columns,
both creating arrow-like shaped wave rather than
smooth figures obtained in [14]. The distortion event
occurs when the internal waves of the lower layer is
already have its own wave amplitude transferred
through energy conservation to the upper layer
system and the energy from below amplifies and
manifested through the surface wave amplitude as
mentioned in [15].

4. CONCLUSION

A new analytic solution is derived for two-layer
fluid model for long waves propagating over a
circular hump. The solution is verified with the
single layer fluid model when the density of the

upper layer, o, = 0. There is also a significance

effects to the relative wave amplitude with the
addition of the density and the layers. The restoring
force between both layers getting weaker with the
smaller density difference and when there is more
fluid in upper layer, the relative wave amplitude
getting smaller to balance the weight of the fluid in
the upper layer. For the effect of the hump profiles,
the increasing of the « value lead to the increasing
of relative wave amplitude. The comparison for
single and two- layer model also confirm the
distortion event occurs when the internal waves of
the lower layer is already have its own wave
amplitude transferred through energy conservation
to the upper layer system and the energy from below
amplifies and manifested through the surface wave
amplitude as mentioned in [15].  This finding is
useful in reviewing applications and condition of the
wave amplitude on submerged hump, and the effect
of internal waves towards surface waves behavior
should be the main focus of the future in two-layer
model research.
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