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ABSTRACT: Various numerical analysis methods have been developed to simulate earthquake-induced slope 
failures. Simulations of earthquake-induced slope failures require capabilities to reproduce some factors, 
including the trigger level of an input ground motion and a travel distance of debris. For reproducing a trigger 
level of an input motion, the finite element method based on solid mechanics has been used. For reproducing 
a travel distance of debris, simulation methods based on the fluid dynamics have been applied. This study 
presents a new approach to simulate an earthquake-induced slope failure, coupling the solid mechanics and the 
fluid dynamics, based on the framework of the smoothed particle hydrodynamics (SPH). The presented 
approach allows us to simulate an earthquake-induced slope failure from its triggering stage to its accumulation 
stage. The presented approach demonstrated its capabilities to reproduce the trigger level of ground motion 
and a travel distance of debris through several simulation cases. The paper concluded that the presented 
approach could be a promising method to simulate earthquake-induced slope failures. 
 
Keywords: Earthquake-induced slope failure, Smoothed particle hydrodynamics, Earthquake response, Run-
out  
 
1. INTRODUCTION 
 

Once a strong earthquake strikes a mountainous 
area, slope failures, landslides, and rockfalls are 
likely to occur [1]. The 1994 Northridge earthquake 
(Mw 6.7) triggered more than 11,000 slope failures 
that killed 61 people [2]. The 2004 Chuetsu 
earthquake (Mw 6.6) induced about 9200 slope 
failures, and 68 people lost their lives [3] More than 
200,000 slope failures were caused by the 2008 
Wenchuan earthquake (Mw 7.9) and resulted in 
87,633 casualties [4].  

Numerical simulation techniques have been 
developed to reproduce an earthquake-induced 
slope failure. The sliding block model is used to 
examine the occurrence possibility of slope failure 
for a certain level of earthquake excitation [5]. The 
finite element (FE) analysis can be used to 
investigate slope stability more precisely than the 
analysis using the sliding block model [6]. 
Typically, a slope is modeled by an elastic or an 
elastoplastic solid material in the FE analysis. 
However, the FE analysis has difficulties in 
simulating a flow-like slope failure. 

For simulating a flow-like slope failure, the 
smoothed particle hydrodynamics (SPH) method 
has been applied recently. The SPH method was 
initially invented in the field of astrophysics [7]. 
Afterward, the application of the SPH method has 
extended to fluid dynamics and solid dynamics. A 
slope failure occurred in the municipal solid waste 
was simulated by the SPH with a Bingham fluid 

model [8]. The SPH with a Bingham fluid model 
was also applied to earthquake-induced landslides 
[9-11]. These studies report that the SPH with a 
Bingham fluid model can reproduce surface profile 
of post-failure and run-out distance.  

The aim of this paper is to develop a coupling 
model of solid and fluid dynamics into the SPH 
framework for simulating an earthquake-induced 
slope failure or landslide. The developed model is 
expected to simulate an entire process of an 
earthquake-induced slope failure: response to an 
earthquake ground motion, occurrence of flow 
sliding, and accumulation of debris. 
 
2. SIMULATION MODEL 
 

First, the framework of the SPH method is 
introduced. Second, the SPH discretization of 
equations of motion is given for a solid body and a 
fluid, respectively. Third, a new coupling model of 
solid-fluid dynamics is proposed.  
 
2.1 SPH Framework 
 

The SPH framework consists of two 
fundamental approximation techniques: kernel 
approximation, and particle approximation. The 
kernel approximation is based on the following 
identical equation: 
 

𝑓𝑓(𝒙𝒙) = �𝑓𝑓(𝒙𝒙′)δ(𝒙𝒙 − 𝒙𝒙′,  ℎ)𝑑𝑑𝒙𝒙′
𝐷𝐷

 (1) 
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where 𝑓𝑓(𝒙𝒙) is a function of the position vector 𝒙𝒙; 
𝛿𝛿(𝑥𝑥) is the Dirac delta function; 𝐷𝐷 is the problem 
domain. The kernel approximation in the SPH is 
defined by replacing 𝛿𝛿(𝒙𝒙) by a smoothing kernel 
function 𝑊𝑊(𝒙𝒙): 
 

𝑓𝑓(𝒙𝒙) ≈ �𝑓𝑓�𝒙𝒙′�𝑊𝑊�𝒙𝒙 − 𝒙𝒙′,  ℎ�𝑑𝑑𝒙𝒙
𝐷𝐷

 (2) 

 
where ℎ  is called the smoothing length that 
prescribes the width of the function. A smoothing 
kernel function 𝑊𝑊(𝒙𝒙) must be a differentiable even 
function and must satisfy with the following 
conditions: 
 

�𝑊𝑊(𝑥𝑥,ℎ)𝑑𝑑𝑥𝑥
𝐷𝐷

= 1 (3) 

 
lim
ℎ→0

𝑊𝑊(𝑥𝑥,ℎ) = 𝛿𝛿(𝑥𝑥) (4) 
 

The particle approximation is introduced by the 
discretized form of Eq. (2) as follows: 
 

𝑓𝑓(𝑥𝑥𝑖𝑖) ≈�𝑚𝑚𝑗𝑗
𝑓𝑓�𝑥𝑥𝑗𝑗�
𝜌𝜌𝑗𝑗

𝑊𝑊�𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗 ,ℎ�
𝑁𝑁

𝑗𝑗=1

 (5) 

 
where 𝑚𝑚𝑗𝑗 denotes the mass of particle 𝑗𝑗. 
 
2.2 Equation of Motion 
 

The equation of motion of a solid body or a fluid 
is given by,  
 
𝑑𝑑𝑣𝑣𝛼𝛼

𝑑𝑑𝑑𝑑
=

1
𝜌𝜌
𝜕𝜕𝜎𝜎𝛼𝛼𝛼𝛼

𝜕𝜕𝑥𝑥𝛼𝛼
+ 𝑏𝑏𝛼𝛼 (6) 

 
where 𝛼𝛼 and 𝛽𝛽 denote the coordinate directions; 𝑥𝑥𝛼𝛼 
is the position vector; 𝑣𝑣α is the velocity vector; 𝑑𝑑 is 
time; 𝜌𝜌 is density; 𝜎𝜎𝛼𝛼𝛼𝛼 is the stress tensor; 𝑏𝑏α is the 
body force. The SPH form of the equation of motion 
is given by, 
 
𝑑𝑑𝑣𝑣𝑖𝑖𝛼𝛼

𝑑𝑑𝑑𝑑
= �𝑚𝑚𝑖𝑖 �

𝜎𝜎𝑖𝑖
𝛼𝛼𝛼𝛼

𝜌𝜌𝑖𝑖2
+
𝜎𝜎𝑗𝑗
𝛼𝛼𝛼𝛼

𝜌𝜌𝑗𝑗2
�

𝑁𝑁

𝑗𝑗=1

𝜕𝜕𝑊𝑊𝑖𝑖𝑗𝑗

𝜕𝜕𝑥𝑥𝑗𝑗
𝛼𝛼 + 𝑏𝑏𝑖𝑖𝛼𝛼 (7) 

 
2.3 Solid-fluid Coupling Model 
 

In the present study, we propose that the stress 
tensor for a particle is computed by coupling solid 
and fluid states as follows: 
 

𝜎𝜎𝛼𝛼𝛼𝛼 = 𝛽𝛽(𝑑𝑑)�𝜎𝜎𝛼𝛼𝛼𝛼�𝑠𝑠 + {1 − 𝛽𝛽(𝑑𝑑)}�𝜎𝜎𝛼𝛼𝛼𝛼�𝑓𝑓 (8) 
 
where the superscript s and f denote solid and fluid 

state, respectively; 𝛽𝛽(𝑑𝑑)  is a weight function for 
coupling the stresses of solid and fluid states and is 
defined by 
 
𝛽𝛽(t) = exp�−𝛾𝛾�𝑑𝑑𝑓𝑓 − 𝑑𝑑�� (9) 

 
where 𝛾𝛾 is a coupling control parameter; 𝑑𝑑𝑓𝑓  is the 
time when the stress tensor reaches the failure 
surface first time. For solid-state of a particle, the 
stress tensor �𝜎𝜎𝛼𝛼𝛼𝛼�𝑠𝑠  is calculated by the elastic 
constitutive model,  
 
�𝜎𝜎𝛼𝛼𝛼𝛼�𝑠𝑠 = −𝑝𝑝𝛿𝛿𝛼𝛼𝛼𝛼 + 2𝐺𝐺𝜀𝜀𝛼𝛼𝛼𝛼 (10) 

 
where 𝑝𝑝  is the isotropic pressure; 𝛿𝛿𝛼𝛼𝛼𝛼 is the 
Kronecker delta; 𝐺𝐺 is the shear modulus; 𝜀𝜀𝛼𝛼𝛼𝛼 is the 
strain tensor. The isotropic pressure (𝑝𝑝) is 
calculated by 
 
𝑝𝑝 = 𝐾𝐾𝜀𝜀𝛼𝛼𝛼𝛼 (11) 

 
where 𝐾𝐾 is the elastic bulk modulus. 

On the other hand, the Bingham fluid model is 
applied to calculate the stress tensor of fluid-state. 
The stress tensor of fluid-state �𝜎𝜎𝛼𝛼𝛼𝛼�𝑓𝑓 is written by 
 
�𝜎𝜎𝛼𝛼𝛼𝛼�𝑓𝑓 = −𝑝𝑝𝛿𝛿𝛼𝛼𝛼𝛼 + 𝜏𝜏𝛼𝛼𝛼𝛼 (12) 

 
where 𝜏𝜏𝛼𝛼𝛼𝛼 is the shear stress tensor and is given by, 
 
𝜏𝜏𝛼𝛼𝛼𝛼 = 𝜂𝜂𝜀𝜀̇𝛼𝛼𝛼𝛼 + 𝜏𝜏𝑦𝑦+ (13) 

 
where 𝜂𝜂  is the viscosity coefficient; 𝜀𝜀̇𝛼𝛼𝛼𝛼  is the 
strain rate tensor; 𝜏𝜏𝑦𝑦 is the yield shear stress. To 
compute the isotropic pressure 𝑝𝑝 of fluid, Eq. (11) 
is also applied. 

The Mohr-Coulomb failure criterion is applied 
for both solid and fluid states of a particle. 
Furthermore, the strength reduction factor 𝑆𝑆𝑅𝑅  is 
introduced. The relations between the internal 
friction angle of solid-state 𝜙𝜙𝑠𝑠 and that of fluid state 
𝜙𝜙𝑓𝑓 is defined by 
 
𝜙𝜙𝑓𝑓 = 𝑆𝑆𝑅𝑅𝜙𝜙𝑠𝑠 (14) 

 
The same 𝑆𝑆𝑅𝑅 is used for the cohesion: 
 
𝑐𝑐𝑓𝑓 = 𝑆𝑆𝑅𝑅𝑐𝑐𝑠𝑠  (15) 

 
where 𝑐𝑐𝑠𝑠 is the cohesion of solid-state of a particle; 
𝑐𝑐𝑓𝑓 is the cohesion of fluid-state.  
 
2.4 Boundary Condition 
 

The dynamic boundary condition is applied to 
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model the rigid box in the simulation. The positions 
of the boundary particles are fixed, while the same 
procedure as for the other particles computes the 
stress tensors of the boundary particles.  
 
2.5 Rayleigh Damping 
 

For stabilizing a simulation and absorbing the 
vibration of a model, Rayleigh damping is applied 
in this study. Rayleigh damping is commonly used 
in earthquake engineering. The application of 
Rayleigh damping to the SPH framework is 
appeared in the reference [13]. 
 
2.6 Time Integration 
 

The Verlet time integration scheme is used to 
update the velocities and the positions of the 
particles, and the fixed time increment of 1.0 ×
10−4 s is applied. 
 

 
3. NUMERICAL EXAMPLE 
 

A slope model is considered as an example to 
demonstrate the performance of the developed 
coupling model. The properties of the example 
slope model and other parameters required to 
execute the simulation is presented in this chapter. 
 
3.1 Slope Model 

 
The geometry of the example slope model is 

shown in Fig. 1. The slope angle of the model is 60°. 
The material properties for solid and fluid states of 
the slope are listed in Tables 1 and 2. 
 

 
 
Fig. 1 The geometry of the slope model. 

 
Table 1 Material properties for solid-state 

 
Property Value (Unit) 
Density (ρ𝑠𝑠) 1.964×103 (kg/m3) 
Young’s modulus (𝐸𝐸) 1.675×106 (kPa) 
Poisson’s ratio (ν) 0.346 
Cohesion (𝑐𝑐𝑠𝑠) 150.0 (kPa) 
Internal friction angle 
(ϕ𝑠𝑠) 20.0 (°) 

 

Table 2 Material properties for fluid-state 
 

Property Value (Unit) 
Density (ρ𝑓𝑓) 1.964×103 (kg/m3) 
Viscosity coefficient (η) 2.00 (Pa·s) 
Cohesion (𝑐𝑐𝑓𝑓) 150.0𝑆𝑆𝑅𝑅 (kPa) 
Internal friction angle 
(ϕ𝑓𝑓) 20.0𝑆𝑆𝑅𝑅 (°) 

Note: 𝑆𝑆𝑅𝑅 denotes strength reduction factor 
 
3.2 Input Ground Motion 

 
The sinusoidal wave of the amplitude with 6.0 

m/s/s is used as the horizontal ground motion (Fig. 
2). For the vertical direction, the gravity load is 
applied. From t=0 to 3 (s), no horizontal excitation 
is applied to stabilize the slope model to the gravity. 
The horizontal excitation starts at t=3 (s), and its 
amplitude increases gradually. From t=9 (s), the 
amplitude decreases and becomes zero at t=10 (s). 
 

 
 
Fig. 2 The time history of the input acceleration.  
 

 
 
Fig. 3 The initial arrangement of particles.  
 
4. RESULTS 

 
Figure 3 shows the initial configuration of the 

particles. The particles are placed homogeneously 
with 1.0 m intervals. The cubic spline type kernel 
function is used, and its smoothing length of the 
kernel function is 2.3 m. In total, 2,404 particles are 
used, including the boundary particles. The colors 
of the particles show their vertical positions, except 
the boundary particles colored in white.  
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Figure 4 compares the profiles of the slope 
model after the horizontal excitation at t =15 (s) for 
various strength reduction factors: (a)𝑆𝑆𝑅𝑅=0.10; (b) 
𝑆𝑆𝑅𝑅=0.25; (c) 𝑆𝑆𝑅𝑅=0.50. The colors indicate the initial 
height of the particles, except the boundary particles 
that are colored in white. The same color-coding is 
commonly used in Fig. 6. The coupling parameter 
(γ) is 100.0. From these results, the effect of the 
strength reduction factor is revealed. The smaller 
value of 𝑆𝑆𝑅𝑅 facilitates the deformation of the slope. 
For the case of 𝑆𝑆𝑅𝑅=0.10, the slope model is fluidized 
and deforms significantly. For the case of 𝑆𝑆𝑅𝑅=0.5, 
the slope model is not fluidized, although it deforms 
slightly. 
 

 
(a) 𝑆𝑆𝑅𝑅=0.10, γ=100.0 

 

 
(b) 𝑆𝑆𝑅𝑅=0.25, γ=100.0 

 

 
(c) 𝑆𝑆𝑅𝑅=0.50, γ=100.0 

 
Fig. 4 Slope profiles after the horizontal 

excitation for 𝑆𝑆𝑅𝑅=0.10, 0.25, and 0.50.  
 
On the other hand, Fig. 5 compares the results 

for (a) γ =100.0 and (b) γ =1.0. The strength 
reduction factor (𝑆𝑆𝑅𝑅). is the same and is 0.25. The 
result suggests that the larger value of the coupling 
parameter 𝛾𝛾 makes the slope model stable. For the 
larger value of the coupling parameter γ=100.0, the 

slope model collapses, while it deforms slightly for 
the smaller value of 𝛾𝛾 = 1.0.  

 

 
(a) 𝑆𝑆𝑅𝑅=0.25, γ=100.0 

 

 
(b) 𝑆𝑆𝑅𝑅=0.25, γ=1.0 

 
Fig. 5 Slope profiles after the horizontal 

excitation at t=15 (s) for γ=100.0 and 1.0.  
 
Figure 6 compares the vertical motion of 

particle A, which is indicated in Fig. 2, for 𝑆𝑆𝑅𝑅=0.10, 
0.25, and 0.50. The effective time range of the 
horizontal ground motion is indicated in the figure. 
The moment when particle A starts moving is the 
same for all cases. For 𝑆𝑆𝑅𝑅=0.10, the slope model 
fluidizes, and particle A starts moving earlier than 
for the other cases. For 𝑆𝑆𝑅𝑅=0.50, the slope model 
fluidizes gradually, and the particle moves slowly. 
For 𝑆𝑆𝑅𝑅=0.50, the behavior of the slope model is 
intermediate of the other two cases. 

 
 

 
 
Fig. 6 The vertical displacement of particle A for  

𝑆𝑆𝑅𝑅=0.10, 0.25, and 0.50 (γ=100.0). 
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The vertical motions of particle A for 𝑆𝑆𝑅𝑅=0.25, 
γ =100.0 and 1.0 are compared in Fig.7. The 
coupling parameter (γ) has the effect of delaying 
fluidization. For the case of γ=1.0, the slope model 
deforms gradually after the horizontal excitation 
ends. For γ=100.0, the deformation of the slope 
model begins and finishes during the horizontal 
excitation.  

 

 
 
Fig. 7 The vertical displacement of particle A for 

γ=100.0 and 1.0 (𝑆𝑆𝑅𝑅=0.35). 
 
5. DISCUSSION AND CONCLUSION 
 

In the application of the SPH method to 
earthquake-induced slope failures and landslides 
[8]–[11], fluid models such as Bingham fluid are 
commonly used to reproduce the fluidization and 
deposition process. In these studies, the occurrence 
process of a slope failure has been ignored. On the 
other hand, previous studies [12]–[15] attempted to 
simulate all processes of a slope failure or a 
landslide: occurrence, fluidization, and deposition. 
However, their studies are based on solid mechanics 
and have not adequately reproduced fluidization 
and decomposition processes.  

In this study, we have developed a model 
coupling solid and fluid models. The developed 
model allows us to simulate the whole process of an 
earthquake-induced slope failure or landslide: the 
occurrence of failure, fluidization, and 
sedimentation. As a further study, an appropriate 
method for setting the simulation parameters 
corresponding to the material properties must be 
developed. 
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