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ABSTRACT:  In recent years, high performance and compact vibration isolators have been in demand to 
support the advancement of precision technology. Among various vibration isolators, a passive vibration 
isolator is the most commonly adopted form due to its simplicity, stability and low cost. Previously, the authors 
have proposed a simple and compact passive vibration isolator for the vertical direction using a post-buckled 
shape memory alloy (SMA) beam. This isolator achieved a low natural frequency assuring high static stiffness 
by utilizing the negative tangent stiffness of a post-buckled SMA beam. It is expected that the appearance of 
the negative stiffness is related to the phase transformation of a post-buckled SMA beam, however, the 
fundamental principle of the appearance and the response for a reciprocating motion (vibration) have not been 
clarified. In this study, to clarify these characteristics, the restoring force of an SMA beam subjected to 
reciprocating motion in its post-buckled state was measured experimentally and predicted by Finite Element 
Analysis in which the phase transformation of the post-buckled SMA was considered. As the result, it was 
found that the restoring force converged to a certain force when SMA was subjected to reciprocating motion. 
It was also found that the negative tangent stiffness arose when the phase of SMA transforms from Austenite 
phase to Martensite phase in compression process. Therefore, SMA with small hysteretic property in the stress-
strain curve is appropriate for an effective isolation element. In future research, it will be necessary to validate 
the performance of the isolator considering the phase transformation. 
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1. INTRODUCTION 
 

Base isolation for precision equipment, for 
example, precision sensors and precision 
processing machinery, is a crucial technology for 
assuring their performance and reliability.  Also, 
isolation technology for vibration and sound noise 
reduction of vehicles have become increasingly 
important due to pursuit of their comfort and 
quietness [1-3].  In base isolation technology, 
passive vibration isolators are the most commonly 
adopted form due to their simplicity, stability and 
low cost.  Their effectiveness, in terms of, isolation 
performance and isolation frequency bandwidth, 
relies on being able to achieve a low natural 
frequency when supporting an isolated object.  Low 
natural frequency can be achieved by supporting an 
isolated object with a soft spring element.  However, 
when they were applied to isolation in the vertical 
direction, low stiffness can result in impractically 
large static deflection due to the weight of the 
isolated object.  Consequently, a key trade-off in the 
selection of a spring element for an isolator for 
vertical direction is their low dynamic stiffness, 
which governs the effectiveness of an isolator, 
versus their high static stiffness, which is needed for 

static load bearing capacity.  These conflicting 
requirements can in principle be realized by 
adopting a nonlinear isolator that exhibits high 
stiffness for a static force and low stiffness for a 
dynamic force.  One of the devices with such a 
nonlinear characteristic can be realized by inserting 
in parallel with the main load bearing isolator 
element a snap-through mechanism with negative 
stiffness.  Examples in the literature include spring 
lever mechanisms [4-7], bi-stable plates [8] and 
magnets [9].  An alternative approach is making use 
of the nonlinear restoring force of a post-buckled 
beam that maintains much of its static stiffness in its 
buckled state but whose tangent stiffness 
dramatically reduces [10-14].  In the process of the 
investigation for dynamic properties of post-
buckled elements, the authors have detected the 
negative tangent stiffness characteristic of a post-
buckled plate-shaped Titanium-Nickel based shape 
memory alloy beam (hereafter, called SMA beam) 
in the previous study [15].  The authors have also 
proposed a passive vibration isolator using a post-
buckled SMA beam and investigated its isolation 
performance experimentally.  In that study, the 
isolator achieved a low natural frequency of about 
3 Hz and exhibited considerable isolation 
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performance.  However, few studies have examined 
the static and dynamic properties of the restoring 
force of a post-buckled SMA.  Especially, the 
expression principle of the negative tangent 
stiffness, the restoring force of a post-buckled SMA 
for reciprocating motion and the dynamic 
characteristic of a post-buckled SMA have not been 
clarified although they are important for designing 
and predicting the performance of an isolator.  

The motivation for this study is to clarify 
experimentally and numerically the fundamental 
characteristic of a post-buckled SMA beam which 
is needed for establishing the design guideline for 
an isolator using a post-buckled SMA beam.  In this 
paper, we focused on the following characteristics;  
(1)The response of a post-buckled SMA for 
reciprocating motion is experimentally and 
numerically investigated and their properties are 
compared qualitatively.  (2)The expression 
principle of the negative stiffness is investigated 
numerically focusing on the phase transformation 
of a post-buckled SMA beam. 

In section 2, a general overview of a passive 
isolator, the restoring force of a post-buckled SMA 
beam and the conceptual design of a passive 
vibration isolator for vertical direction using a post-
buckled SMA beam are described.  In section 3, the 
restoring force of a post-buckled SMA beam for 
several reciprocating conditions is described.  
Section 4 describes the numerical investigation for 
the restoring force of a post-buckled SMA beam, 
which was obtained by FE analysis considering the 
phase transformation of SMA material, and 
compared with the experimental results 
qualitatively. 
 
2. OVERVIEW OF A PASSIVE VIBRATION 
ISOLATOR AND AN ISOLATOR USING A 
POST-BUCKLED SMA BEAM  
 
2.1 Overview of a Passive Vibration Isolator 
 

The most fundamental model of a passive 
vibration isolator for the vertical direction is shown 
in Fig. 1.  An isolated mass m is supported by a 
linear spring of which spring constant is k and a 
linear dashpot of which viscous damping 
coefficient is c and vertical oscillation is imposed 
from the base.  The undamped natural frequency of 
the system is given as follows. 
 

n

k

m
                                      (1) 

 
Considering the frequency response of the vibration 
transmissibility between an isolated mass and base, 
the effectiveness of the isolator relies on being able 
to achieve a low natural frequency.  However, low 

stiffness, which realizes a low natural frequency, 
can result in impractically large static deflection due 
to the weight of the isolated object.  This dilemma 
can in principle be solved by adopting a nonlinear 
isolator that exhibits high stiffness when loaded 
statically and low stiffness in relation to small 
oscillations about the static equilibrium position.  
One of the techniques to realize such nonlinearity is 
making use of the nonlinear restoring force of a 
post-buckled beam. 
 

 
Fig.1 The most fundamental model of a passive 
vibration isolator for the vertical direction 
 
2.2 Conceptual Design of an Isolator Using SMA 
 

Authors have reported that the static restoring 
force of the SMA beam, which is subjected to 
compressive external displacement at both ends of 
the beam for longitudinal direction, exhibits the 
negative tangent stiffness in its post-buckled state.  
Figure 2 shows a buckled SMA beam when 
longitudinal compressive displacement was 
imposed at the end of the beam.  An exsample of 
measured static restoring force of a post-buckled 
SMA beam is shown in Fig. 3.  As shown in the 
figure, the static restoring force decreases by 
increasing the imposed compressive displacement, 
that is, SMA exhibits the negative tangent stiffness 
characteristic.  By utilizing this characteristic, the 
authors have proposed a vibration isolator using a 
post-buckled SMA beam.  The conceptual diagram 
of an isolator is shown in Fig. 4.  This isolator 
incorporated a post-buckled SMA beam, a coil 
spring and constraint elements that constrained the 
motion of the isolated object except for the vertical 
motion.  The SMA beam is oriented vertically. One 
end is fixed to a base and the weight of the isolated 
object is acting at the other end.  If the weight of the 
isolated object is larger than the buckling load of the 
SMA beam, the SMA beam will buckle.  Then, if 
the spring constant of a coil spring, which is 
installed in parallel to the post-buckled beam, was 
chosen so as only just to cancels the negative 
tangent stiffness of the post-buckled SMA beam, in 
principle, quasi-zero-stiffness (QZS) will be 
achieved and ideal isolation would be realized. 

For designing and predicting the performance of 

m 

k c 

y(t) 
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this isolator the static and dynamic properties of a 
post-buckled SMA beam are the essential properties.  
However, studies for these properties are 
insufficient so far.  Then, in the following sections, 
the restoring force of SMA beam simulating the 
deflection when it is used for the isolator are 
examined experimentally and numerically. 
 

 
Fig.2 Schematic diagram of a post-buckled SMA 
beam 
 

 
Fig.3 Static restoring force of a post-buckled SMA 
beam 
 

 
Fig.4 Conceptual diagram of a vibration isolator 
using a post-buckled SMA beam 

3. EXPERIMENTAL INVESTIGATION 
 

In order to apply a post-buckled SMA beam to a 
vibration isolator, it is necessary to examine the 
restoring force properties of a post-buckled SMA 
beam when it is subjected to vibrational motion.  In 
this section, the restoring force of a post-buckled 
SMA beam when it is subjected to reciprocal 
motion is examined experimentally. 
 
3.1 Experimental Setup 
 

A schematic view of the experimental setup is 
shown in Fig. 5.  Ti-Ni based SMA beam, with 
specifications summarized in Table 1, was used.  
Both ends of the SMA beam were clamped by 
stainless steel plate.  One end was fixed to the base 
rigidly.  Another end was supported by the linear 
guide, which corresponds to a constraint element, 
and the linear guide was mounted on the linear 
slider, which corresponds to a device for imposing 
longitudinal external displacement.  The restoring 
force of the SMA beam for the longitudinal 
direction was measured by the load cell.  Since the 
moving speed of the linear slider was controlled to 
sufficiently slow (0.1mm/s), the quasi-static 
restoring force was measured.  Stainless plates at 
both ends had electrodes and the SMA beam could 
be heated by Joule heat of itself by applying electric 
current directly to the SMA beam.  The temperature 
of the SMA beams was monitored by a 
thermocouple set at the middle of the SMA beam 
(omitted in Fig. 5) and kept to 30°C by controlling 
the electric current with a PID control system. 
 

 
Fig.5 Schematic view of the experimental setup 
 
Table 1 Specification of SMA used in the 
experiment 

 
Material 

composition 
Titanium-50.2at%Nickel 

Heat 
treatment 
condition 

Temperature 753 [K] 
Time 40 [min] 

Cooling condition Air cooling 

Dimension 
Width 5.5 [mm] 

Thickness 0.5 [mm] 
Length 110 [mm] 
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3.2 Restoring Force of a Post-Buckled SMA 
 

In order to simulate the restoring force of the 
post-buckled SMA beam when it was used as a base 
isolation system, the following experiment was 
conducted. 
Experiment 1: impose 9mm longitudinal 
displacement in order to make the SMA beam 
buckle, and subsequently impose 10 times 
reciprocating displacement of which amplitude was 
increased by 0.2mm per one reciprocation.  After 
the reciprocation, imposed displacement was 
recovered to the original position (0mm).  By this 
experiment, the restoring force behavior of the post-
buckled SMA beam when the amplitude of an 
isolated object was varied could be measured. 
Experiment 2: impose 10mm longitudinal 
displacement firstly, and subsequently, let the 
displacement recover to a certain displacement 
((a)3mm, (b)4mm or (c)5mm), and finally impose 
500 times reciprocating displacement of which 
amplitude was 1mm.  After the reciprocation, 
imposed displacement was recovered to the original 
position (0mm).  By this experiment, the restoring 
force behavior of the post-buckled SMA beam 
when it had been subjected to large deflection could 
be measured. 

The solid line in Fig. 6(a) shows the measured 
restoring force for Experiment 1.  The dashed line 
in the figure shows the restoring force for one-time 
reciprocation for comparison.  Fig. 6(b) is the 
magnification of Fig. 6(a).  It is confirmed from the 
experiment 1 that the magnitude of restoring force 
drops drawing a hysteretic loop while the 
reciprocating motion(Fig. 5 and Fig. 6).  Also, it is 
confirmed that the magnitude of the hysteretic loop 
gets larger when the large amplitude was imposed.   
 

 
Fig.6(a) Measured restoring force of the post-
buckled SMA beam in reciprocating motion 
(Experiment 1) 

 
Fig.6(b) Magnification of Fig. 6(a) 
 
The lower limit of the dropping restoring force will 
be considered in the following section(Fig. 6). 

The solid lines and dashed lines in Fig. 7 show 
the measured restoring force for Experiment 2 and 
the approximate line when the restoring forces in 
the reciprocating process were approximated by the 
linear function.  The experiment confirmed that the 
restoring force in reciprocating motion differed 
depending on the displacement recovery condition 
(start point of reciprocating motion), while the 
restoring force in the whole process except in 
reciprocal process was almost the same(Fig. 7).  The 
gradient of the dashed line corresponds to the 
approximative tangent stiffness in reciprocating 
motion and that of shape recover condition (a)3mm, 
(b)4mm and (c)5mm was 0.175 N/mm, 0.132 
N/mm and 0.105 N/mm, respectively.   
 

 
Fig.7 Measured restoring force of the post-bucked 
SMA beam in reciprocating motion and 
approximate linear function (Experiment 2) 
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This result indicates that the approximative tangent 
stiffness also differed depending on the start point 
of reciprocating motion and it didn’t exhibit the 
negative tangent stiffness but the positive tangent 
stiffness.  These properties, the restoring force and 
the tangent stiffness vary depending on 
reciprocation condition, are considered not to be 
appropriate for the use for an isolator, because this 
means that the isolation performance varies 
depending on the vibration condition.  The 
countermeasure to overcome these unfavorable 
properties will be investigated in the later section. 
 
4. NUMERICAL INVESTIGATION 
 

In this section, the post-buckled properties of an 
SMA beam are numerically investigated.  On the 
numerical analysis, Finite Element Analysis was 
conducted by using ANSYS 19.0.   
 
4.1 Analytical Model 
 

On the numerical analysis, the SMA beam of 
which dimension was 7.2mm in width, 50mm in 
length and 0.43mm in thickness was used.  Both 
ends of the beam were rigidly fixed except the 
degree of freedom for longitudinal direction at one 
end was set free.  The material properties (stress-
strain curve) of SMA were approximated by a 
piecewise linear property composed of four linear 
lines as shown by the solid line in Fig.8.  The SMA 
beam was modeled by using three-dimensional 
laminated solid-shell elements in order to figure out 
accurately the stress and the phase transformation 
of the inner part of SMA material. 
 

 
Fig.8 Stress-strain curve used in the numerical 
analysis 
 
4.2 Effect of Phase Transformation of SMA on 
Negative Tangent Stiffness 
 

The effect of phase transformation of the SMA 
beam on the development of the negative tangent 
stiffness in its post-buckled state was investigated.  
In this analysis, two types of material, with 
specifications summarized in Table 2, were used, 

where 1 , 2 , 3  and 4  of material (a) represent 

the stress at the intersection point of linear lines at I, 
II, III and IV of fig.8, respectively.  E,  and  
represent the gradient of the line (1), the difference 
of strain between intersection points of I and II, and 
III and IV and Poisson’s ratio, respectively.  The 
deformation process on the line (1) can be regarded 
as the deformation process of the austenite phase, 
and that on the line (2) is the deformation process 
of phase transformation from the austenite phase to 
the martensite phase.  Also, the deformation process 
on the line (3) can be regarded as the elastic 
deformation of the martensite phase, and that on the 
line (4) is the deformation process of phase 
transformation from the martensite phase to the 
austenite phase.  Material (a) approximates a 
material properties of Ti-Ni based SMA, while 
material (b) is the material of which phase 
transformation is suppressed by setting sufficiently 
large stress for 1 .   

The force-displacement curve of the post-
buckled beam when 5mm displacement was 
imposed for longitudinal direction is shown in Fig. 
9.  Imposed displacement (horizontal axis) and 
restoring force (primary vertical axis) are 
normalized by the length of the beam and the 
buckling load obtained from the linear buckling 
theorem, respectively.  The solid line and the dashed 
line show the restoring force of materials (a) and (b).  
Open circles and open triangles in Fig. 9 show the 
volume fraction of the martensite phase in the 
compression process of material (a) and (b), 
respectively, by the secondary vertical axis.  The 
analytical result in Fig. 9 indicates that the restoring 
force of material (a) exhibits negative tangent 
stiffness in the displacement range beyond 4% in 
the compression process and within 4% in the shape 
recovery process.  Also, in the compression process 
of material (a), the negative tangent stiffness 
appears as phase transformation from the austenite 
phase to the martensite phase proceeded, while the 
restoring force of material (b) exhibits positive 
stiffness in all displacement range in the figure and 
it exhibits no phase transformation.  These results 
confirmed that the development of the negative 
tangent stiffness is caused by the phase 
transformation of the SMA beam. 
 
Table 2 Specification of SMA material used in the 
numerical analysis 

 
Material (a) Material (b) 

1  200 [MPa] 1  2000 [MPa] 

2  280 [MPa] 2  2800 [MPa] 

3  100 [MPa] 3  1000 [MPa] 

4   5    [MPa] 4  50     [MPa] 

E  20 [GPa],    0.05,    0.3 
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Fig.9 Force displacement curve and volume fraction 
of the martensite phase 

4.3 Restoring Force in Reciprocating Motion 

In order to investigate the restoring force of a 
post-buckled SMA beam in reciprocation motion, 
the following analysis was conducted. 
Analysis 1: impose 4mm longitudinal displacement 
in order to make the SMA beam buckle, and 
subsequently impose reciprocating displacement of 
which amplitude was 0.25 mm for (a)10 times, 
(b)50 times, (c)100 times and (d)4999 times.  After 
the reciprocation, imposed displacement was 
recovered to the original position (0mm). 
Analysis 2: impose 4mm longitudinal displacement 
firstly, and subsequently let the displacement 
recover to 0.8mm, and subsequently impose 
reciprocating displacement of which amplitude was 
0.5mm for 500 times.  After the reciprocation, 
imposed displacement was recovered to the original 
position (0mm). 
Material (a) in table 2 was used for the analysis. 

The restoring force obtained for Analysis 1 (Fig. 
10 and Fig. 11) confirmed that the magnitude of 
restoring force drops while the reciprocating motion 
was imposed.  This characteristic is qualitatively 
coincide with the result of experiment 1.  Also, if 
the number of reciprocating time was increased 
more than 5000 times, it will not lower than that of 
4999 times.   

The restoring force obtained for Analysis 2 
(Fig.12) confirmed that the magnitude of restoring 
force rises while the reciprocating motion.  Also, if 
the number of reciprocating time was increased 
more than 501 times, it will not rise than that of 500 
times. 

These results confirmed that the magnitude of 
restoring force drops or rises while the reciprocating 
motion was imposed in the compression process or 
shape recovery process, respectively, and converges 
to a certain force.  This phenomenon qualitatively 

Fig.10 Restoring force of the beam in reciprocating 
motion (Analysis 1) 

Fig.11 Magnification of Fig. 10 at reciprocating 
condition (d) 

corresponds to the experimental result referred to in 
the last section.  The restoring force in Fig.10 
doesn’t draw a hysteretic loop, which is different 
from the experimental result, however this is 
because that the reciprocating amplitude of 
numerical analysis was smaller than the experiment 
and the stress-strain curve was approximated by 
piecewise lines. 

4.4 Desired Specification of SMA for an Isolator 

The restoring force characteristics referred to in 
previous sections were not appropriate for a high 
performance isolator due to positive stiffness 
characteristics in the reciprocating motion.  The 
appearance of positive stiffness is thought to be the 
most likely cause of the gradient of the stress-strain 
curve in the shape recovery process, that is, the 
gradient of the line (3) in fig. 8.  One of the options 

0 5 10
0.4

0.6

0.8

1

1.2

0

10

20

Displacement ratio     /    [％]x  L

R
es

to
ri

ng
 f

or
ce

 r
at

io
   

  /
   

   
 [

 ％
]

P
  P

cr

V
ol

um
e 

fr
ac

tio
n 

of
 m

ar
te

ns
ite

 p
ha

se
 [

 ％
]

Restoring force
: (b)

Percentage of
martensite phase

: (a)

: (b): (a)

Compression
proess

Shape recovery
proess

0 2 4 6 8
0.6

0.8

1

1.2

Displacement ratio    /     [％]

R
es

to
ri

ng
 f

or
ce

 r
at

io
   

  /
   

   
  [

 –
 ]

:     10 times reciprocation

P
  P

cr

x  L

:     50 times reciprocation
:   500 times reciprocation
: 4999 times reciprocation

6.5 7 7.5 8 8.5

0.96

0.98

1

1.02

Displacement ratio    /     [％]

R
es

to
ri

ng
 f

or
ce

 r
at

io
   

  /
   

   
[

–
]

P
  P

cr

x  L



International Journal of GEOMATE, June., 2021, Vol.20, Issue 82, pp.101-108 

107 
 

 
Fig.12 Restoring force in reciprocating motion in 
shape recovery process (Analysis 2) 
 
Table 3 Specification of a material of which 
hysteresis in stress-strain curve is small 
 

Material (c) 

1 200  [MPa] ,  

3 275  [MPa] ,  
2 280  [MPa], 

4 195  [MPa] 
20E   [GPa],  0.05  ,  0.3   

 
Fig.13 Restoring force of the beam with small 
hysteretic material 
 
to mitigate the effect of the gradient of the line (3) 
is using a material of which stress-strain curve has 
small hysteretic property.  An example of such 
material properties is summarized in table 3.  The 
restoring force of the beam with material (c) (Fig. 
13) exhibits negative tangent stiffness in the 
displacement range beyond 4% and almost constant 
tangent stiffness could be obtained in the 
displacement range beyond 5% even in the 
compression process or in the shape recovery 
process.  This kind of property (small hysteretic 

property of the stress-strain curve) is appropriate for 
the system shown in Fig. 3 since desired isolation 
performance would be obtained regardless of 
vibration condition.  It is known that Copper based 
SMA exhibits small hysteretic property, so the 
experimental investigation for dynamic properties 
of a post-buckled Copper based SMA beam is 
desired in future work. 
 
5. CONCLUSION 
 

This paper has investigated the dynamic 
properties of a post-buckled SMA beam 
experimentally and numerically.  The restoring 
force of Titanium-Nickel based SMA beam 
exhibited negative tangent stiffness for one-time 
buckling deformation, however, it exhibited 
positive stiffness when the reciprocal motion was 
imposed in the post-buckled state.  The restoring 
force varied while in reciprocation and converged at 
a certain force.  The restoring force of a beam with 
a small hysteretic material exhibit almost constant 
tangent stiffness in a displacement range beyond 
5%.  For a high performance passive isolator, 
experimental investigation for the dynamic 
properties of SMA material which has small 
hysteretic property needs to be addressed in future 
studies. 
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