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ABSTRACT: Nonlinear weirs, such as labyrinth and piano key weirs, are suitable methods to handle increased 
flood flows that may be expected due to climate change. Although specific physical models are considered to be 
an effective way of investigating fluid flows, simply conducting physical model tests is insufficient to fully 
comprehend the hydraulic and discharge characteristics of non-linear weirs. In this study, computational fluid 
dynamics algorithms have been used extensively to investigate complex flow physics instead of relying on reduced 
scale models. The discharge capacity of the piano key weir and the rectangular labyrinth weir is compared using 
a three-dimensional numerical model, which is validated by the available experimental data. The results confirm 
that piano key weir is more efficient than the rectangular labyrinth weir for a wide range of head water ratios. By 
analyzing the contribution of discharge over inlet, outlet and sidewall crests, the factor that make the piano key 
weir superior to the rectangular weir is the sidewall discharge. 

Keywords: Computational fluid dynamics, Discharge coefficients, Numerical analysis, Piano key weir, 
Rectangular labyrinth weir 

1. INTRODUCTION

The availability of hydrological and 
meteorological data coupled with new dam-safety 
guidelines have increased the Probable Maximum 
Flood (PMF), the Spillway Evaluation Flood (SEF), 
or the Inflow Design Flood (IDF) that a dam is 
required to pass [1]. One of the most common 
problems for obsolete dams is spillways that are no 
longer sufficient to handle updated flood flow due to 
climate change. If water cannot escape quickly 
enough through spillways, it could flow over the top 
of a dam, which would increase the likelihood of 
extensive erosion that can cause it to collapse [2]. 

Increased discharge capacity of an existing 
spillway can be achieved by increasing either the 
spillway crest length or discharge coefficient or 
operating head, or any combinations [3]. The 
operating head for a given spillway can be increased 
by either lowering the spillway crest and installing 
gates, or raising the dam crest to permit higher 
reservoir levels. However, adopting these approaches 
will lead to a great rise in costs of investment and 
operations management. A modest increase in the 
coefficient of discharge can generally be realized by 
reshaping the crest and by channel improvement, but 
at great cost. A more common modification to 
existing dam to accommodate larger floods is the 
enlargement of the spillway crest length without an 
associated increase in structure width, which is 
always limited by the layout of the discharge 
structures or site conditions. 

Labyrinth weir is an especially suitable method 
which is employed to alleviate the problem of 
restricted spillway widths. Labyrinth spillways are 
polygonal overflow weirs folded in plan-view to 
provide a longer total crest length for a given overall 
spillway width. Although there are many geometric 
configurations of labyrinth weirs, three of them are 
widely used: triangular, trapezoidal and rectangular. 
Due to their polygonal shape, labyrinth weirs provide 
higher discharge capacity than linear overflow weirs 
for the same width and upstream energy head [4]. The 
best example is the labyrinth weir of the Beni Bahdel 
dam built in Algeria in 1938. Its approximate 
discharge capacity is 1200 m3/s at a head of 0.5 m 
with the total crest length of 1200 m which is shrunk 
into a channel of 80 m width. At the same head (0.5 
m), a traditional sharp-crested weir would discharge 
only 95 m3/s [5]. Although labyrinth weirs may be 
very cost effective, they require a specific 
topography; this may explain their limited success 
[6–8]. 

Piano key (PK) weirs are a modified type of 
labyrinth weir that has rectangular cycles with 
overhangs and ramps in each cycle [6, 7]. The use of 
overhangs decreases the footprint of the structure (Fig. 
1) and permits its installation on top of the existing
structures such as gravity dams and embankment 
dams. Compared to a labyrinth weir, the inclined 
bottoms in the cycles of the PK weir help to reduce 
the lateral forces exerting on the side walls and hence 
the structural cost [9]. 
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Fig.1 Piano Key weir (left) with geometrical parameters; Rectangular labyrinth weir (right)  

 
A significant amount of research has been carried 

out during the last years to investigate the hydraulic 
behavior of labyrinth and PK weirs with three 
landmark international conferences [7, 10–15] but 
relatively few investigations on the topic of 
rectangular labyrinth (RL) weirs (side leg angel α = 
0o). Tullis et al. [16] developed a comprehensive 
design procedure for trapezoidal labyrinth spillways 
estimating the discharge capacity with side leg angles 
of the weir varying from 6o to 35o. Machiels et al. [17] 
tested a large scale model to enhance the 
understanding of the flows over the PK weirs. Karimi 
et al. [18] studied the hydraulic characteristics of PK 
side weirs and emphasized the significant advantages 
of PK side weirs and rectangular labyrinth side weirs 
in terms of discharge capacity compared with 
conventional linear side weirs.  

However, aforementioned studies used only 
scaled models based on similitude theory. Although 
specific physical models are considered to be an 
effective way of investigating fluid flows, simply 
conducting physical model tests is insufficient to fully 
comprehend the hydraulic and discharge 
characteristics of non-linear weirs. In recent years, 
advances in computing power and computational 
fluid dynamics (CFD) algorithms have been used 
extensively to investigate complex flow physics 
instead of relying on reduced scale models, and 
evaluate the design and operation of the non-linear 
weirs [14], [19–25]. Although some of those are 
preliminary studies without validation by physical 
models, their results showed that CFD approach has 
a promising future of weir investigations. For the 
more specific case of nonlinear weirs, there have been 
numerous hydraulic studies regarding discharge 
capacity but relatively few investigations on the topic 
of comparison between PK weir and RL weir. 

The objectives of this study are: 
1) to validate and verify a numerical model for 

determining the discharge capacity over the PK and 
RL weirs; 

2) to compare the discharge efficiency of the 
PK and RL weirs; 

3) to carry out a qualitative comparison 
between PK and RL weirs regarding to the discharge 
per unit length; 

4) to develop a better understanding of the flow 
dynamics passing over the PK and RL weirs. 

Therefore, to meet this need, this study was 
performed using numerical model with a wide range 
of the ratio of the upstream energy head and the weir 
height H/P (0.15 ≤ H/P ≤ 0.75) to compare discharge 
efficiency of PK and RL weirs. 

 
2. METHODS 

 
 Numerical modeling to simulate the physical 

models is performed with a commercially available 
CFD software FLOW-3D that solves the Reynolds-
Averaged Navier-Stokes (RANS) equations by the 
finite volume method. The program utilizes a true 
volume of fluid (true VOF) method to track the fluid 
surfaces or interfaces [26] and the fractional 
area/volume obstacle representation (FAVOR) 
technique to define complex geometric regions within 
the rectangular grid [27]. Herein, three of the most 
usual two-equation RANS turbulence models were 
tested: the standard k−ε model; the Re-Normalization 
Group (RNG) k−ε model; and the k−ω based Shear–
Stress Transport (SST) model. In general, no 
remarkable differences were observed between the 
three turbulence models [28]. This may be because 
the discharge over the weirs is dominated by 
gravitational effects rather than by turbulence, for 
such geometric and hydraulic conditions. In this study, 
the k-ε turbulence closure model is used to account 
for turbulence effects. The conservation of mass and 
momentum equations in vector form with the 
FAVOR and VOF modification are: 

( ) 0i i
i

u A
x
∂

=
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 (1) 
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where t is the time, ui are the velocity components 
along the axes x, y and z, respectively, of a Cartesian 
coordinate system, p is the pressure, ρ is the density, 
and VF is the fractional volume open to the flow. Ai, 
Aj are the fractional areas open to flow along x, y, and 
z, respectively, gi are body accelerations along x, y, 
and z, respectively, and fi are viscous accelerations 
along x, y, and z, respectively. The viscous 
accelerations include the Reynolds stresses. 

The computational domain was constructed based 
on the experimental prototype of [4], i.e., a 
rectangular flume measuring 7.3 m long, 0.93 m wide, 
and 0.61 m deep, with the x, y, z axes in the 
streamwise, spanwise and height direction, 
respectively. The geometrical parameters for both 
types of the non-linear weirs are the same as Table 1, 
where P is weir height; W is total weir width; Wi is 
inlet key width; Wo is outlet key width; B is weir 
sidewall length; Bi is downstream or inlet key 
overhang length; Bo is upstream or outlet key 
overhang length; Ts is crest thickness; N is weir cycle 
number. 

 Although multi-block and/or nested meshes are 
an option, a single typical hexahedral mesh was 
chosen to minimize numerical interpolation and 
truncation at mesh block boundaries. An adaptive 
grid refinement method is presented to ensure the 
quality of the grid, which is always a critical issue in 
application of CFD. 

 The computational domain including boundary 
conditions, is shown in Fig. 2. A stagnation pressure 
(P) inlet condition was applied at the upstream plane. 
The top plane was set to the standard atmospheric 
pressure (P). For the downstream boundary, the 
domain should end up with a cross-section of 

supercritical flow, with an outflow condition (O). 
Wall condition (W) was applied at left and right 
planes and bottom plane of the channel. The wall 
boundary was treated as no-slip conditions. 

In this study, the grid convergence index (GCI) 
was used to guarantee a grid independent solution. 
The GCI is not a direct measurement of the mesh 
accuracy; however, it provides a measure of 
uncertainty of the grid convergence, i.e. it indicates 
how much the solution would change with a further 
refinement of the grid. The smaller value of GCI 
shows, the nearer to the asymptotic range the 
computation is. With four-grid resolution, the factor 
of safety is recommended to be Fs = 1.25 [29]. 

To obtain an accurate simulation time-step size, a 
stability and convergence criterion is utilized. 
Furthermore, the flow kinetic energy, the flow rate at 
the outlet boundary and also the free surface elevation 
at the inlet boundary were defined in each numerical 
model. Based on the monitoring results, the 
simulations become fully converged and reach the 
steady-state condition after 15 seconds. 

The calibration data provided by [4] have enabled 
the comparison between numerical and physical 
results on a large range of upstream head going from 
0.03 m to 0.15 m. Discharge over PK weir can be 
expressed by standard weir Eq. (3): 

   32d TQ C W gH=  (3) 

where Q is flow discharge over weir; Cd is discharge 
coefficient, W is total width of the weir; g is the 
gravitational acceleration and HT is upstream total 
head. 

Table 1 Experimental detail dimensions 

P (m) W (m) Wi (m) Wo (m) B (m) Bi (m) Bo (m) Ts (m) N 

0.197 0.937 0.01 0.01 0.489 0.121 0.121 0.0127 4 

 
 

 
Fig. 2 Geometry of the RL weir (left) and PK weir (right) and boundary conditions 
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3. RESULTS AND DISCUSSION 
 

3.1 Grid Convergence Calculation 
 

For testing the mesh convergence, the GCI values 
were computed using the mesh sizes shown in Table 
2. Similarly to [30], in this study, the total discharge 
capacity Q is used as the representative solution value, 
with GCI values lower than 1.0%. Considering the 
obtained results, a mesh based on 0.006 m hexahedral 
elements was considered sufficiently insensitive to be 
used in this study. 

3.2 Numerical Model Validation 
 

The numerical and experimental Cd results are 
plotted against the ratio of the upstream energy head 
and the weir height H/P in Fig. 3. The discharge 
coefficient Cd curves calculated by [15, 31–33], are 
also included for comparison.  

The CFD simulation predicts the discharge 
coefficient with great accuracy. The maximum and 
average relative deviations between the simulated and 
observed values are 8.3% and 4.1%, respectively. By 
comparing the discharge coefficients in the 
simulation and the experiment, the accuracy and 
reliability of the numerical model are validated. 

3.3 Discharge Comparison 
 

Competing with the physical model, the 
numerical counterpart gives the opportunity for 
detailed evaluation of the discharge capacity along 
the crest for the RL and PK weirs and to identify 
easily the efficient parts of the upstream crest of the 
outlet, downstream crest of the inlet and sidewall. 

Fig. 4 compares differences in total discharge 
capacity between two non-linear spillways and 
percentage of total discharge in the inlet, outlet and 
sidewall for various normalized heads of H/P ranging 
from 0.15 to 0.75 for each type of weir. This figure 
shows that hydraulic performance of the PK weir is 
more efficient than the RL weir for most of the 
upstream head range. For low heads (H/P = 0.15), PK 
and RL weirs have similar discharge capacity, while 
increasing the upstream head, PK weir becomes 
superior to RL weir. Geometrically speaking, the 
sidewall crest occupies over 80% of the total crest 
length compared to about 20% of total crest length 
occupied by upstream and downstream crests. The 
distribution of total discharge between upstream, 
downstream and sidewall is close to the geometrical 
overflowing crest length distribution for lower heads. 
When upstream head increases, the percentage of 
total discharge passing through the sidewall decreases 
considerably, from nearly 80% for H/P = 0.15 to 50% 
for H/P = 0.75. 

Table 2 Grid convergence index (GCI) results 

Grid size D 
(mm) α (D i/Di+1) QCFD (l/s) Relative error (δ) GCI (%) 

10 --- 4.72 --- --- 
9 1.11 4.674 -0.00984 5.2 
8 1.125 4.63 -0.0095 4.5 
6 1.33 4.614 -0.00347 0.6 

 

 
Fig. 3 Comparison of discharge coefficients estimated by equations of different authors with physical and CFD 
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Fig. 4 Percentage of total discharge in the inlet, outlet and sidewall of (a) PK weir, (b) RL weir 

 
 
3.4 Discharge Distribution 

 
The results presented are based on discharge 

capacity comparisons. Because of the complexity of 
flow over the weirs and weirs geometry, hydraulic 
interpretation of the above mentioned results is an 
uneasy task. To accurately analyze the hydraulics of 
various tested weirs and also to determine the causes 
of the increase in PK weir discharge efficiency 
compared to the RL weir, a quantitative comparison 
has been made between PK weir and RL weir 
regarding the discharge per unit crest length. To 
determine the distribution, the developed crest on half 
of the unit considered has been defined using the 
curvilinear abscissa S (Fig. 5). 

  

 
Fig.5 Curvilinear abscissa S 

 
The numerical model used in this study allows the 

determination of the specific discharge along the crest. 
To do so, twenty-one juxtaposed flux surfaces were 

installed along the crest of each weir, and steady flow 
rate has been calculated for every baffle. A flux 
surface is one of available general history data in 
FLOW-3D for computing fluid flow rates. A typical 
flux surface is a 100% porous baffle with no flow 
losses, so it does not affect the flow in any way. 

 Fig. 6 compares specific discharge distribution 
along the crest of the various tested weirs. For RL 
weir, the specific discharge capacity curve performs 
an increasing trend along the sidewall crest, while for 
the PK weir, the discharge capacity remains constant 
for bulk of the sidewall crest. For both tested weirs, 
the minimum discharge per unit length is observed at 
the intersections of the sidewall with the upstream 
outlet key and downstream inlet key crests (position 
a and b in Fig. 5). There is no significant difference 
between discharge over upstream crest and 
downstream crest of both types of weir. The main 
factor that makes the PK weir more efficient than the 
RL weir is the sidewall discharge. Comparison 
between PK and RL weirs shows that the PK weir is 
more efficient along the first third of the sidewall for 
low head conditions (H/P = 0.15). However, as 
upstream water head H continues to rise, the RL weir 
sidewall becomes less effective. For example, when 
H/P > 0.6, specific discharge over sidewall of the PK 
weir is almost higher than the one over the sidewall 
of the RL weir. 
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Fig. 6 Comparison between PK and RL weir flow rate distribution along the crest (a) H/P = 0.15; (b) H/P = 0.3; 

(c) H/P = 0.45; (d) H/P = 0.6; (e) H/P = 0.75 
 

The detailed observation of the flow 
characteristics helps explain the advantages of PK 
weir compared to RL weir. Ripple pattern in the water 
surface profile is more obvious on RL weir (Fig. 7), 
indicating more significant flow contraction and 
energy loss condition. The water surface drop in PK 
weir is less than RL weir. This phenomenon partly 
explains why PK weir is more discharge efficient than 
the labyrinth type. 

Furthermore, the local submergence of the RL is 
known as one of the behaviors having a major 
influence on the discharge decrease of the structure. 
The local submergence region occurs near the 

upstream crests of the outlet key and develops with 
upstream water head until the entire outlet key of the 
labyrinth weir eventually becomes submerged 
independent on the tail water elevation [34]. In 
addition to local submergence, other hydraulic 
byproducts of nappe collision include standing waves 
and wake in the outlet keys (Fig. 8). Meanwhile, the 
sloped floor in the outlet key of the PK weir helps to 
easier discharge of the released flow from the outlet 
crests, compared to RL weir. The gain for sidewall 
crest of the PK weir relative to the RL weir, as already 
shown in Fig. 6, can also be explained considering 
this phenomenon. 

 
Fig. 7 Weir side section views (H/P = 0.45): PK weir (left); RL weir (right) 
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Fig. 8 Weir plan views (H/P = 0.45): PK weir (left); RL weir (right) 

 

4. CONCLUSIONS 
 

Experimental data were collected in this study to 
evaluate the performance of the numerical model. It 
was found that the numerical model has ability to 
predict the discharge capability of nonlinear weirs. Its 
accuracy was even higher than four of the most 
popular analytical equations used recent studies. 

To compare the discharge efficiency of the PK 
and RL weir with the same developed crest lengths, 
three-dimensional free surface numerical simulations 
have been performed. The PK weir produced higher 
discharge capacity than all of the geometrical 
comparable RL weir, with the exception of small H/P. 
The PK weir maximum and average discharge 
efficiencies (quantified by Cd) for 0.3 ≤ H/P ≤ 0.75 
were respectively from 3,1 to 5,6% larger, in 
comparison to the RL weir.  

Furthermore, using flux surfaces, variation of the 
discharge per unit length along the crest of the various 
tested weirs has been calculated, and the percentage 
contribution of the inlet, outlet and sidewall crests in 
the discharge capacity of the weirs has been 
determined. Based on the results of the numerical 
simulations, the reduction in discharge capacity of RL 
weir (relative to PK weir) is solely attributable to the 
colliding nappes flowing over two adjacent sidewall 
crests. This phenomenon is attributed to the sloped 
floors in the outlet key of the PW weir.  
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