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ABSTRACT: The paper deals with a new manner of obtaining an analytical solution of the problem of
bending of a beam on an elastic foundation. In the design of such structures, to describe the foundation
response to applied loads, the mechanical model of Winkler is often used, for almost one and a half century.
However, it has some shortcomings, mainly because it assumes no interaction between the adjacent springs
and thus neglects the vertical shearing stress that occurs within subgrade materials. In this paper proposes a
felicitous approach for solving the equilibrium equation and applying the boundary conditions, used to static
analysis of beams resting on elastic foundations, is presented as an alternative to the classical Winkler and
Vlasov models. The resolving equation of bending of a beam on an elastic foundation is obtained. The
account of the elastic foundation is produced by means of parameter of flexural stiffness. This idealization
provides much more information on the stress and deformation within soil mass compared to the well-known
Winkler model, and it has the important advantage of eliminating the necessity of arbitrarily determining the
values of the foundation parameters. The solutions of sample problems, obtained by using the new analytical
model, are compared with results obtained by the Winkler and Vlasov models.
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1. INTRODUCTION

In geotechnical engineering, there are soil becomes elastic and partly plastic.
numerous situations where the designer has to use The model consists of an elastic beam (Euler
simple empirical procedures to size the footings to beam) resting on a linearly elastic soil medium.
transfer the loads from the superstructure to the This concept has been extensively used by railroad
soil underneath. While spot footings are designed engineers for many years, in order to design the
using an allowable bearing value approach, most railroad tracks. In the past, research has been
engineers adopt a similar technique for the design undertaken to construct analytical models of beams
of continuous footings also. When the continuous on elastic foundations [1]. A review of foundation
footings carry distributed and concentrated loads, models was performed by Dutta and Roy [2]. Most
the computation of the vertical displacements of probably, the oldest model used to simulate beams
the footing along the longitudinal direction on elastic foundations is the Winkler model [3]. He
becomes necessary to evaluate the possible assumed the soil to have linear elastic behavior,
differential settlements of the footing. If we such that the pressure on the surface is
assume that the continuous footing acts like a proportional to the deflection of the soil surface in
beam, then its analysis can be done using the the region of the load. Since the foundation soil in
concept of a beam on elastic foundation. the Winkler model is described by vertical springs
Depending on the longitudinal stiffness of the only, we find that they carry the vertical loads
beam, the loads on the beam are distributed from without any mutual interaction. In other words,
the beam and into the soil in a very complex these springs are unable to represent the shear
manner. In other words, the behavior of the beam stresses in the subsoil. Shear stresses are
due to the loads depends on the material properties developed in the subsoil if the wvertical
of the soil as well as its own stiffness displacements between adjacent springs vary. One
characteristics. Such problems are called soil- can see that if a uniform beam with free ends
structure interaction problems, and the beam on carries a uniformly distributed load, the solution
elastic foundation problem is one of them. obtained from the Winkler model is a rigid body

The concept of beam on elastic foundation is displacement. In other words, the calculation will
mathematically elegant; however, it is difficult to indicate that there is no bending moment in the
come up with the parameters that represent the beam. In reality, there will be some edge shear
behavior of the soil. The problem becomes forces resisting the deformation of the soil which
extremely complex, when the deformation in the makes the beam to deform in a curved deflected
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shape, unless the beam is infinitely rigid. Realizing
the inconsistency in the Winkler model which is a
one parameter model, Pasternak [4] and
Filonenko-Borodich  [5] developed a two-
parameter model, in which the connectivity of the
continuum behavior was considered. Vlasov and
Leontiev [6] enhanced the theory of the two-
parameter model by using a variational approach.
Since most subsoil conditions can be approximated
by having a relatively hard soil layer or rock at a
finite depth, they assumed that the subsoil has a
finite uniform depth, where the displacements at
the bottom are assumed to be zero. They
introduced a function y which defines the
distribution of the vertical displacement in the
subsoil. The authors did not provide any
mechanism for the calculation of y. Jones and
Xenophontos [7] established a relationship
between the parameter y and the displacement
characteristics, but did not suggest any method for
the calculation of its actual value. Following Jones
and Xenophontos, Vallabhan and Das [8]
determined the parameter y as a function of the
characteristic of the beam and the foundation,
using an iterative procedure. They named this
model a modified Vlasov model [9].

Even though the Vlasov model was developed
as early as 1966, it has not been used by practicing
engineers. The Authors considers the following
three major reasons for its lack of acceptance in
engineering design. The first reason is that one has
to estimate the value of y parameter that defines
the decay of the vertical displacement in the
subsoil. The second reason is that the solutions of
the Vlasov equations are rather complex. The third
reason is that nobody has compared the solution of
the Vlasov model with other more exact solutions.

In this study, an analytical solution of beams
on elastic foundation has been developed. The
simplified approach for calculation a beams on
elastic foundations, is presented.

2. THE SIMPLIFIED ANALYTICAL
MODEL FOR BEAMS ON ELASTIC
FOUNDATION

We will consider a beam having an elastic
foundation as a compressible resilient layer in H
thick and with the modulus of elasticity for the
material E, . Between a beam and elastic

foundation a complete contact is observed, i.e. a
beam works without tearing away and slip. The
elastic foundations are assumed to be isotropic and
homogeneous. We will present the elastic
foundation as a vertical beam (a lower end is
restrainted, overhead - free) with next descriptions
(H,AJ):

Aoy, 3D (1)
12

where, A/J - area and axial moment of inertia for
the cross section; | - length of the beam.
Loading this beam by forces (k - vertical, m -

horizontal) using the Mohr formula, we find
displacement of the given beam’s free end:

k-H m-H?3
_ U=

W = LU=
EoA 3E,J

: @

where, EjA EyJ - beam stiffness in compression
and bending; w,u - wvertical and horizontal
displacements beam’s free end, H - height of
resilient layer (length of vertical beam).

The components of displacement on a classic
theory are determined as follows [10]:

dw

ul(xl,xs)z—h~z—dx ,

1

(3)
X

U3(X1:X3):W(X1)’ Z:FS,

where, W(x,) - function of bending of beam;
Up,u; - displacement of points, directed along co-
ordinate axes X; and X;; h - height of beam.

Taking into account displacement of beam (3)
and condition of complete contact, from (2) we
determine force factors

EyJ
k:%w’ m:_ELde

== 4
2 H®  dx @

To unify the mathematical model of beam we
will consider the external load as

2

a04)=a(x)- P+ 5w, ©)
dx;

where, g(x,) - normal external load; P - factor,

owning a dimension of force; & - factor, owning
a dimension of stress.

Now we will determine factors involved in (5).
Comparing (5) and (4) and taking into
consideration that p is force, o is stress, we
determine their values

(6)

o =

k EoA
| H'
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Parameter of the moment of inertia for the
cross section of the beam determined as follows
[11]:

g :1+K—g'+%,
N « 7)
Pl al ? (
Ky=r ) Kp=2
EJ, EJ,

Introducing (6) into (7), we will find value of
parameter of the moment of inertia of the cross
section of the beam on elastic foundation:

K K
g=1+—+-",
KN Kw
2 5
Lo 3[Ed Nt 3B 17 ®)
2\ BJg JH® 2 E H3h?

« _[EeA® )1 _ LB 1®
°| EJ, JH E Hhd'

where the relation between elastic foundation
stiffness and bending beam stiffness are shown in
brackets.

Parameters K and K, are defined as follows
[11]:
- for hinged beamK§, = 7, K, = z*;
- for fixed-end beam K§ =472, K,, =(4,73);

2
’; , K, =(1875);

- for cantilever beam K7 =

- for beam built in at one end and supported at the
other K{ = (4,493f, K, =(3927)".

To justify the obtained parameter (8), we use
the classical (technical) theory of beam bending on
an elastic foundation:

- hypotheses and components of displacements

&3=0, 13=0, 03=0,

Oug

Ea=—>=0: UsXy, X3 )=WI(X, ),

3 %, 3(1 3) (1) )
Ou;  Oug dw
=—=+—=0:UlX, X3 )=-he(z)—,

713 o O 1(1 3) (/’()dxl

X3 =zh, @(z)=cCc+7z,

where, ¢ - arbitrary constant to be determined; z -
dimensionless transversal coordinate.
- deformation components

2
_ (z)d V2V

% dx; (10)
&3 :0, V&) =0

&1

- stress components

dw
o, =—Ehelz)——,
1 ()XmZ
2 3
r13:Eh2(A+CZ+ZZJdXV3V, (11)
1
2 3 4
03:Eh3[B—Az—cZZ—Z6]ddW,
X1

where, B, A - arbitrary constants to be determined.
For these purposes based on (2) and (9) we will

. 1
find components of stress at z = _?

k E
0 0
=== 9%Ww(x,)
ERTRRTTIY
0 _m_13E0A 1 _
I ¥E Uz le—E = (12)
J

|
h 3E, 1) dw
=—— c—=|—.
| H3 2 ) dx,

We write the following boundary and contact
conditions:

- boundary conditions at z =%

o3 =q(x): (13)

A ¢ 1)\d*w
ER®|B- - -~ = =q(x
( 2 8 48] dx;’ ()

- contact conditions at z = —%

Ti3 =713 Ehz[A—

0
12Ky EJo| A-
h 2

Note that in formula (14) we used following
equations [11].

2 2
EJOdAVX +NdV;/:O, Kﬁ:&, (15)
Xm Xm EJO
4 2| 4
EJOd Y:/—ph 2w =0, Kw_ph“" . (16)
axy =N
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where, (15) — is stability equations of a bar; (16) -
is free-vibration equations of a bar; N -
compressive force; p,h,@ - density, height and
free-vibration frequency of a beam.

Introducing the following designations:

C1Edh? 1 1EA%T 1

My=="—————-,ng =
4B HEKY Y 12 EJ

17

H K, 17
From first condition of (13) and (14) we find

arbitrary constants

Mo A _E_E’
(1+mp) 8 8

I
2 (18)

B=i+n0+§c
24 8

From second condition of (13) considering (18) we
will come up with equation defining W(x, ):

4
EJOgd—\ivzq(xl), g=1+12n, +6¢C
dx;

(19)

If we consider in (18) c=m, , then after
introducing (17) into (19) we get value - g ,

coinciding with (8). It means that the technique
used in obtaining (8) is correct, but this parameter
g will be approximate in comparison with the

exact one in (19).
Based on (18) stress components of (11) will
change as:

daw Eh? , \dW
oy = —Eh(p(Z)ﬁ, T3 = —T(/’(Z)Txlgv
44w (20)

4!
1

plz)=c+z,p(z)= (1—422 )+ 4¢(1-22),

6(2):(;+2z—223j+gc(3+4z—422)+12n0

oy = EJoa(z)T

The following internal forces and external load
correspond to these stresses.

d 2w d3w
M=-EJo—, Q=-EJogo ——,
dxy X3

. (21)

d*w
g=EJy,g——, gy=1+6¢C
0 de 0

Considering (21) the equation (20) will be as
following
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h h?
o —*(/’(Z)Mn T13 = ‘//(Z)Q’
O3 :5(2)*,

where, g is defined by formula (19).

Consider bending function of a beam as
follows
Wi 14
W)= X (x), Wa= 00 )= (93
g EJy I

where, W. - bend multiplier; g, - maximum

external load intensity; x - dimensionless
longitudinal coordinate; X(x) - dimensionless
function of bending.

Based on (23), the internal forces and the resolving
equation (21) changes as following:

M = —N;’ X"(x), Q= —%OQOX "(x),

x (X): PU(X)7 Mg =gl 2, Qo =0l

(24)

where, Pu(x) - the law of variation of the external

uniform load.

When solving the equation (24) the natural
boundary conditions used for the calculation of the
constants of integration are

1) hinged
W =0- X(x9)=0;
25
M:—%x”(xo):o—)x”(xo)zo; (29)
g
2) fixed-end
W=0- X(Xy)=0;
0= _05 X/ (x)=0; (20)
dx;
3) free
Mo o i I
M=-——-X"(X)=0->X"(X)=0;
’ (27)

Q:—%‘Jx”’(xo)zo—>x”’(xo):o;

4) with elastic bearings
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Qb?® 1w
= - X(Xp)=m=X"(X,);
3E.J. (%) r (%)
g MD —>iX(x0):éX'(x0); (28)
_SE*J*Ei_ _EJ. 1
EJo b3 9o EJy b~

where, x, =0, 1 - coordinates of extreme bearing
points; E.J. - reinforced beam bending stiffness;
b - it’s length; g,g, - elastic foundation

parameters, defined by formulas (19) and (21); the
upper (lower) sign corresponds to the left (right)
bearing.

The reactive pressures of the elastic foundation
are determined by the formula (12) and according
to (23) changes as following

_gix”/(O)+EOAI2 |

g El, H.g X(X)+
a .
U?? =0 X”’ll 0 , (29)
L9 X"
g o

where, first and third elements are included only
for points x=0 and x=1; o - very small
number used at replacing shear force by uniform
load.

The calculation of any beam on an elastic
foundation is carried out according to the
following algorithm;

1. The geometric and physical characteristics of:
the beam h,I,by, E,; fixed bearing H,b,b,,E. are
set.

2. The law of variation of the external uniform
load Pu(x) is established.

3. The dimensionless function of bending X (x) is

determined by solving equation (24) and satisfying
one of the variants of the boundary conditions (25)
- (28).

4. The parameters K9,k corresponding to the
boundary conditions of the beam are selected.

5. Based on the values of parameters (17) and (18),
the axial moment of inertia of the cross section g

is found by formula (19).

6. The functions (20) and the internal forces of the
beam are found by formula (24).

7. The stress components (22) and displacement
components (9) are determined.

8. The law of reactive pressure change is defined
by the formula (29).

3. ANALYTICAL
ANALYSIS

RESULTS AND

We will consider the implementation of the
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calculation algorithm using the following
examples.
Even though the continuum mechanics

approach may look laborious and difficult to use
for a closed-form solution, the analytical model is
quite simple and can be easily implemented in
application-specific software. An example of such
software is MathCad which can handle a wide
range of static loading problems involving one-
dimensional beams supported by one- or two-
parameters elastic foundation, for any loading and
boundary condition.

3.1 Example 1

A beam of length | =1 m, width b, =1 m and
height h=0.5m , with modulus of elasticity
E =10000 Pa , is considered to be supported by
foundation having depth H =1 m , deformation
modulus E, =1 (10,100) Pa and Poissons ratio,

v =0.25. The beam carries external uniform
. N
vertical load, q=1 —.
m

The wvalues of the maximum vertical
displacements, bending moments and shear forces
obtained are shown in Tables 1-4. The detailed
analytical solutions are obtained for the uniformly
distributed load case. The comparisons of the
vertical displacements, bending moments and
shear forces of the beam on elastic foundations
under uniformly distributed loads using the present
model were performed with those by the Winkler
and Vlasov models. The comparison results are
presented in a series of figures from 1 through 9. It
can be noted that three models have almost the
same shape and they are in good agreement. This
demonstrate the versatility of the new simplified
analytical model for beams on elastic foundation.

Tablel The Maximum values of uniformly
distributed load (Modular Ratio E, /E =0.0001)

Case
Property Winkler  Vlasov Present
Model Model Model
Max Vertical - 550999  0,000998  0.000999
displacement
Max
Bending 0.1249 0.1248 0.1249
moment
MaxShear 4997 04992  0.4996
force
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Table2 The Maximum values of uniformly
distributed load (Modular Ratio E, /E =0.001)

Case
Property Winkler  Vlasov Present
Model Model Model
Max Vertical - 530995 000982  0.000992
displacement
Max
Bending 0.1239 0.1226 0.1240
moment
Max Shear 1966 04925  0.4961
force

Table3 The Maximum values of uniformly
distributed load (Modular Ratio E,/E =0.01)

Case
Property Winkler  Vlasov Present
Model Model Model
Max Vertical - 550922 0.000841 0.000924
displacement
Max
Bending 0.1150 0.1047 0.1155
moment
Max Shear —  jee5 04353  0.4635
force

Table4 The Maximum values of uniformly
distributed load (Modular Ratio E,/E =0.1)

Case
Property Winkler  Vlasov Present
Model Model Model
Max Vertical ) 530541 0000459  0.000549
displacement
Max
Bending 0.0661 0.0587 0.0687
moment
Mafx Shear 43144 02605  0.2830
orce
1x1077 . g .
8107 i & -
Ww(x)
EIEX) ST .
S
Wels) . o-dl |
55 Winkler Model 3}
2510”4 [&=& Vlasov Model -
Present Model
02 o4 05 05
Fig. 1  Vertical displacement of the beam on

elastic foundation (Modular Ratio E, /E =0.0001)

198

Mw(x) 0.1 -
B

Mv(x) 2] 2]
e

P9 0.05 55 Winkder Model m
e—=r Viasov Model
Present Model

pi | 1 | | I

] 0.2 04 0.6
K

Fig. 2 Bending moment of the beam on elastic
foundation (Modular Ratio E, / E = 0.0001)

0. 65 T T T T

04 = —
3]

Qw(x) 021 i -
== il

Qv oF et .
S (]

FP-02 B Wikler Model | B 1
e Viasov Model =

— 04 [l
04 Present Model =

06 1 1 I I
] 02 0.4 0.6 0.8

X

Fig.3 Shear force of the beam on elastic
foundation (Modular Ratio E, /E =0.0001)

1x10” e
107 % =) i
-4 i %, i
Vet 510 A 5
Wpl®) g S v
= Winkler Model &
2107 [ Vlasov Model 4
/ Present Model
Al 1 ] | | 3
DD 0.2 04 0.6 08
X

Fig. 4 Vertical displacement of the beam on
elastic foundation (Modular Ratio E, /E =0.001)

Dlj T T T T
01 b
Mw(x)
Mv(x) .05 S
e E-'.._
MPY | |55 Winkler Moddl
Ol Viasov Model 5
Present Model
5 | | | |
—003, 02 04 _ 06 08
Fig. 5 Bending moment of the beam on elastic

foundation (Modular Ratio E, / E =0.001)
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D.ﬁg T T T T
04} H, .
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QOwi(x) 02F i\ﬁ —
== !
Quix)  or & .
i .,
203 (B8 Winkler Model | By
g2 Vlasov Model g
—o04f &
Present Model i
—06 1 1 | | L]

Fig. 6 Shear force of the beam on elastic

0.2 0.4 0.6 0.8
b4

foundation (Modular Ratio E, / E =0.001)

1x1077

81077
Wa(x) M
BE 6107
W)
e
Wp(x)

21077

4x107"

—2x107*

Fig. 7

o a—2 Viasov Model

G
B Winkler Model

Present Model

0.2 0.4 0.6 0.8
X

Vertical displacement of the beam on
elastic foundation (Modular Ratio E,/E =0.01)

0.15

0.1
Mwix)
B

Mw(x) s
o e 0.03

Mp(x)

|55 Winkder Model
0 le& Viasov Model g

Present Model

-0.03

0 02 04 . 0.6 0.8

Fig. 8

Bending moment of the beam on elastic

foundation (Modular Ratio E, /E =0.01)

(0.6
0.45%
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Quiz)
=
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QP 0 2t [HH Winkler Model
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—04

- 0.6

Fig. 9

0.2

0.4
X

0.6 0.8

Shear force of the beam on elastic
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foundation (Modular Ratio E, /E =0.01)

The results of the reactive pressure of the
elastic foundation are shown in Figure 10.

SE

.Q
[P
=)
—
Ll
a
T
|

Fig. 10 Reactive pressure of the elastic

foundation (Modular Ratio E, /E =0.01)

3.1 Example 2

The vertically uniform load was chosen as

q:200ﬂ The physical and geometry
m
parameters of the elastic foundations were

deformation modulus E, =55Pa and Poissons
ratio v=0.25, depth H=5m . A beam of
length | =10 m , width b, =1m and height
h =5 m, modulus of elasticity E =20-10° Pa.
For the purpose of evaluating the accuracy of
the proposed method, the results are compared
with Winkler and Vlasov models. Figures 11-13
show an excellent agreement between the proposed

method and Winkler and Vlasov obtained results
for the shown three models.

lj T T T T
5|
7 i
Ww(x) 1 f & b
==
W(x) [} 5]
e
Y205 BE Winkler Model |
e—2 Viasov Model
Present Model
0 ol | | | | I
0 2 4 6 3 10

Fig. 11 Vertical displacement of the beam on
elastic foundation

Thus, the mathematical model of a beam on
elastic foundation in a simple form takes into
account the influence of an elastic foundation and
allows calculations using ready-made results for
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3=l D5 T T T T
B
210’ B B -
Miw(z)
52 B &
M 8
Mp(z)
= Winkler Model
Hlee Viasov Model 8
Present Model
& 1 1 1 |
-0y 2 4 6 g 10

X

Fig. 12 Bending moment of the beam on elastic
foundation

1x10% . . . T
i
P 2]
5=10°1 s
Qw(x) A
=
Qro(x) L _
= 0 £
Qp(=) ]
== Winkler Model i)
~ 30T e e Viasov Model m |
Present Model ]
— 1w10” 1 1 1 1 &
10 2 4 L 6 3 10

Fig. 13 Shear force of the beam on elastic
foundation

beams without an elastic foundation.

The following recommendations are advanced
as topics for future research: comparison of results
from the new analytical model with full three-
dimensional behavior for the soil; study of the
incorporation of the horizontal displacement in the
soil; use of this present method for plate on elastic
foundation.

4. CONCLUSION

The presented examples show some of the
advantages of the suggested approach for an
analytical solution of a beam on an elastic
foundation. It gives opportunities for application of
various loads at an arbitrary point or a region on
the beam. Besides it can be applied for force or
displacement boundary conditions at the beam’s
ends. The implementation of the approach into a
computer system is simple and do not require
special programing skills from the user. The
presented solution can be implemented in every
mathematical system that can solve ordinary
differential equations. The obtained analytical
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solution can be used to analyze the influence of the
different problem parameters on the structural
behaviour.
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