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ABSTRACT: In the assessment of bearing capacity of footing, the bearing capacity formula proposed by The
Architectural Institute of Japan (AlJ) has been widely used in Japan for the design of building foundation.
However, this formula is limited to simple conditions like simple footing shape, flat ground and uniform
material property. Although the rigid plastic finite element method (RPFEM) can solve this complex problem,
it has not taken into account the size effect in assessment of bearing capacity. This study newly develops the
RPFEM by introducing the nonlinear shear strength property against the confining stress and proposes the rigid
plastic constitutive equation of parabolic yield function, basing on the change in the angle of shear resistance
of Toyoura sand. The developed method and the bearing capacity formula (established by empirical approach)
provided identical results for various footing sizes showing good estimation for wider range of footing size.
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1. INTRODUCTION

Assessment of bearing capacity is necessary to
ensure the stability of a building. However, the
bearing capacity of footing could be considerably
influenced by many factors, including inclination
load, eccentric load, shape, depth, size effect, etc.

Many researches have investigated these effects
on bearing capacity. Terzaghi & Peck (1948)
developed the classical bearing capacity equation as
follow:

q, =7.D; N, +C.N, +0.5;/.B.Ny
defined bearing capacity factors N¢, Ng, N, in terms
of a linear strength envelope 7., =ctang+c.

Meyerhof (1951, 1963), and Brich Hansen
(1970) based on the limit equilibrium method and
the slip line method which were extended by the
original proposal of Terzaghi (1948) to apply that
fomurla with more general factors and also derived
expressions for the inclination factors.

In Japan, bearing capacity formula proposed by
Architectural Institute of Japan (AlJ) has been also
widely used. This formula uses bearing capacity
factors Nc, Nq given by Prandtl, N, and inclination
load factors ic, iy, iq described by Meyerhof, and other
extended factors: shape coefficient o3 defined on the
basic of footing shape and size effect factor. In recent
years, finite element method has envolved as a well
known method in structural analysis, a revival of
interest in finite element, mainly focusing on soail
mechanics problems and exploiting the kinematic.

On the other hand, rigid plastic finite element

and

method uses only strength parameters of the ground.
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RPFEM is an analysis method which has been
developed in the field of plastic working of metal.
It is the effective analysis method to calculate the
ultimate bearing capacity of the ground. Initially,
RPFEM was established on the basic of the upper
bound limit analysis, then it developed the rigid
plastic constitutive equation to provide the similar
result as in limit analysis. RPFEM with several
constitutive equations is quite often utilized to
predict the critical behavior.

However, RPFEM does not take into account
the size effect in assessment of bearing capacity.
This study newly develops the RPFEM by
introducing the nonlinear shear strength property
against the confining stress and proposes the rigid
plastic constitutive equation of parabolic yield
function against the confining stress.

This paper describes a simple method of
calculating bearing capacity by using rigid plastic
finite element method which is derived from the
rigid plastic constitutive equation, and then
compares the result which those of other methods
(limit equilibrium method (Meyerhof, AlJ) and,
Slip line method (Hansen) with the width range of
foundations from 1m to 100m.

Results obtained from this study shows that
although Meyerhof, Hansen or AlJ methods are
widely used in design, they are not sufficiently
clarified. As we have known, although many
experiments have been carried out with model tests,
a conclusion for the size effect of model scale is
difficult to obtain. Moreover, these formulas use the
simple linear strength model. This study develops
RPFEM to solve the boundary problem with
kinematical properties and provide a summary of
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good estimation for wider range of footing size.

2. RIGID PLASTIC FINITE ELEMENT
METHOD (RPFEM)

2.1 Limit analysis and its application to FEM

Hill (1951) and Drucker (1951, 1952) published
their ground breaking lower and upper bound
theorems of plasticity theory, on which limit
analysis is based. It is apparent that limit analysis
would be an effective tool to provide important
insights into the bearing capacity problem.

The upper bound theorem of classical plasticity
theory which assumption of a perfect plastic soil
model with an associated flow rule, is an useful tool

to predict the stability of problems in soil mechanics.

It states that the power dissipated by any
kinematically admissible velocity field could be
equated to the power dissipated by the external
loads, and so enables a strict upper bound on the
true limit load to be deduced. A kinematically
admissible velocity field satisfies the conditions of
compatibility, flow rule and velocity boundary. In
order to provide practical solutions, the upper
bound theorem is often used in parallel with the
lower bound theorem.

The formula of the Rigid Plastic finite element
method is built on the basic of the upper bound
theorem. The arbitrary general strain rate element

&; is not always allowed for the strain rate D(¢;)
since some kind of constraint is more specific. It is
assumed that no volumetric plastic strain rate occurs
under the limit state. This is naturally accepted for

the soil structure. Define further the subset
Ko(cK,)

The upper bound theorem previously proved is
found to be valid when we restrict (L]i ) éij) to K,
since (ui*,g'g) at the limit state also stays in K, .
Minimize ID@ﬂdV @

€Ky

It should be noted that this problem falls into the
category of the convex programming problem, i.e.,
the functional to be minimum is always identical to

the global one.
Where:

& Vector of strain rates of all elements

U : Vector of all nodal velocities

V: Vector of rates of volume change of all
elements.

2.2 Rigid Plastic constitutive equation

Tamura (1991) developed the rigid plastic
constitutive equation for frictional material. The
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Drucker-Prager’s type yield function is expressed
as follow:

f(o)=al,+./J,-b=0 )
Where:

|, is the first invariant value of stress, J, is the

second invariant value of shear stress, the constants
of a and b express the angles of shear resistance and

dilatancy.
I, =tro (3)
J, = 1s s 4)
2
Following the non-associated flow rule, the

strain rate € = £” could be written as follow:

. a9 s
¢=A—=4 ad; + ——
Oc { ! 2@}

Where:
A is an indeterminate multiplier and &; is the

®)

Kronecker’s delta symbol, é = /£ : & is the norm of
strain rate and I is a unit tensor. However, the strain

rate & should satisfy the volumetric constraint
condition as follow:

hE)=é,-——2% =0
30?4+ %
(6)
In which &, and € indicate the volumetric strain
rate and norm of the strain rate, respectively. The
rigid plastic constitutive equation was expressed by
Tamura (1991) as follow:

0 ™
0o

The variable of y is determined by inserting Eq.
(4) into the plastic potential of Eq. (2). On the other
hand, the indeterminate stress parameter g still

o=06"4+06? = 7/—f+,36—r_l
0¢

remains unknown until the whole problem with the
kinematical constraint conditions of Eq. (6) is
solved. The stress-strain rate relation for the
Drucker-Prager’s type by means of the non-
associated flow rule is finally expressed in the
following form:

y-3af & (8)

é
3’ + 1é
2
Where:

The coefficient y is a variable, which is determined
by stress o located on the yield function, o as
cohesion.

+ fl
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3. BEARING CAPACITY OF FOOTING
UNDER PLANE STRAIN CONDITION

3.1 Bearing capacity formulas

Meyerhof (1951, 1953, 1963, 1965 and 1976)
developed the bearing capacity equations by
extending the Terzaghi’s mechanism to the soil
above the base of the footing. The bearing capacity
factors N¢ and Ng are given by Prandtl (1921).
Meyerhof extended the proposal of Terzaghi (1948)
and incorporated those factors as follow:

q=i.CN, jLO.Siy;/lBNyJriquDfNq 9)

In 1953, Meyerhof extended his theory for
ultimate bearing capacity under vertical load to the
case with inclined load. The assumed failure
mechanism is confined to one side of the footing for
all values of the inclination angle, and composed of
three zones whose geometry is changed to account
for the load inclination. Furthermore, two slightly
different mechanisms were considered, one for
small inclinations and another for large inclinations.

Brich Hansen (1957, 1970) used the slip — line
method and provided a new expression for the semi
- empirical N, factor, with other bearing capacity
factors kept unchanged. Hansen also derived
expressions for the empirical inclination factors.
This expression has assumption on one sided
mechanism and accounts for the adhesion between
the soil and the footing base.

Bearing capacity formula of AlJ using bearing
capacity factors N¢, Nq given by Prandtl and N, and
inclination load factorsiic, iy, iq described by Meyerhof

q=i.acN.+i 7, BBnN +iy,DN, (10)
and some extended factors: shape coefficient
defined based on the shape of foundations. o3 with
the strip foundations are 1 and 0.5 respectively; Size

effect factor (B is a width of footing and By is a
reference width):

(11

3.2 Bearing capacity of footing for vertical load

For under concentrated vertical load, the
numerical solution is used with a rigid plastic
constitutive equation under plain strain condition.
This is the linear shear strength properties.

This study uses the angle of shear resistance
¢=30 deg. The result presented from fig.1 shows
that the bearing capacity of footing increases with
the increase of size footing. As can be seen the value
obtained from RPFEM and other methods have
large difference. This difference is due to the
significant effect of confining stress when
calculating the bearing capacity of footing. This
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would be improved in the next section when using
RPFEM considers confining stress.
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Fig. 1 Effect of footing width on bearing capacity
for concentric vertical load application (¢ =30°)

3.3 Bearing capacity of footing for inclined load

We calculate the bearing capacity regardless of
size effect. The bearing capacity under vertical load
is calculated for the case with inclined load and,
angle of shear resistance ¢ = 30 deg. Load
inclination angle 6 is inclination of load with
respect to vertical. The load inclination angle
changes from 10 deg to 30 deg.

As presented above, inclination load only effect
when inclined load angle 6 < 30 deg with the
Meyerhof’s formula.
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Fig. 2 Bearing capacity with angle of inclined load
6 =20°

Fig. 2 describes the relationship between
bearing capacity and width of footing. The different
values also consistently confirmed the effect of
confining stress dual on bearing capacity of footing.
Furthermore, results presented in the Fig. 2 indicate
the influence of size effect. The larger width of
footing, the larger difference between RPFEM with
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other methods.

The empirical results shows that the values of
bearing capacity of footing decrease as the load
inclination angle increase, even for small
inclination angles.

4. RIGID PLASTIC CONSTITUTIVE
EQUATION OF TOYOURA SAND

4.1 Strength tests of Toyoura sand by Tatsuoka
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Fig. 3 Experimental result of Toyoura sand
(Tatsuoka, 1986)

Applying Drucker-Prager criteria and Mohr-
Coulomb criterion are based on the frictional
characteristics to represent the strength of the
ground. When angle of shear resistance is increased,
the effect of the ultimate bearing capacity of the
ground changes constantly on the extremely large
ultimate bearing capacity of the ground. Therefore,
when determining the angle of shear resistance and
adhesion by soil test, in the compression zone, low
pressure area always overestimates the strength. It
is pointed out that the development of yield function
by the non-linear shear strength is needed to
improve the accuracy when calculating the bearing
capacity of footing.

As mentioned above confining stress and size
effect have significant effects on the shear strength
using shear strength linear properties. It is more
than evident through experiments of Tatsuoka.

Tatsuoka surveyed the shear strength of
Toyoura sand and clarified that the angle of shear
resistance varied with the confining stress as Fig. 3
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above. So, the development of yield function by the
non-linear shear strength is needed. Higher yield
function and parameters of the yield function are
proposed on the basic of experimental results of
Tatsuoka. The ultimate bearing capacity results
gained through the application of high vyield
function in RPFEM in this study shows more
consistent with the actual ground than the values
obtained in the Drucker-Prager yield function. The
study’s results shown that it is possible to evaluate
the ultimate bearing capacity values, taking into
account the nonlinearity’s influence of the soil
strength due to confining pressure of the ground.
Based on the layout of Toyoura sand from Fig.3,
the results shown that the confining stress effect on
the behavior of ground in Fig. 4. So we can establish
the relationship between the value of the first stress
invariant |, and the second invariant value of shear
stress J,. This allows us to design parameters when
referring to nonlinear shear strength properties of
soil for different types of soil. In this case, we

defined parameters of yield function for Toyoura
sand is: a=0.24, b=2.4 and n=0.56.
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Fig. 4 Effect of confining stress to soil behavior

4.2 Non - linear rigid plastic constitutive
equation for confining stress

From yield function:
f(e)=al,+(J,)"-b=0 (12)
The first invariant of the stress is decided by
modifying the yield function, the first invariant of
the stress using the second invariant of the
deviatoric stress is updated by the following
equation:

1 n
e g(b- (3,) ) (13)
The strain rate for nonlinear case:
n-1,
é=/16f(o)_ al+nJ,”s ¢ (14)
oo

382 + 2n2(h—al,)* 1

and the volumetric strain rate &, :
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3a

re=
2—
\/3a2 +2n°(b—al,) H
The first invariant and stress is expressed by strain
rate so this relationship can be obtained as follows:

1-n
1{%2(er
c=|— — |
ni 2n° g,

2 \2n-1 .
_%} {351,3— al}
n &, (16)

n
1 b 1[9a2(é]2 3aZJ2”1
t=|——= | — | —— |
3la a|2n’lég, ) 2n?

In this study, we developed a rigid plastic
constitutive equation incorporating a confining
pressure dependence of the ground strength which
is evaluated with highly accurate the ultimate
bearing capacity. The first term of the above
equation is determined by the stress constitutive
relation and the second term is the stress component
along the vyield surface. So the stress o can be
shown as follows:

~ (al,+2n(b-al,))
\/3a2 +2n%(b—al,) "

&, =t e (19

&
]
a7

3 3a
\/3512 +2n*(b-al,)

+ K(gv —ﬁe) | iy

Where K :is the variable determined by inserting Eq.

(8) into the plastic potential of Eq. (3).

Through analysis of the explicitly dilatancy
characteristics, computation of stable displacement
velocity field can be implemented by using above
nonlinear equation. Further, the advantage of the
numerical analysis on the rigidity matrix is
symmetrical.

5. APPLICABILITY OF PROPOSED
CONSTITUTIVE EQUATION TO
BEARING CAPACITY ASSESSMENT

5.1 Bearing capacity of footing for vertical load

As mentioned above, high pressure and low
pressure area of the confining pressure of the
ground is a problem which leads to the overestimate
of Drucker-Prager’s yield function. This is
primarily due to the intensity nonlinear
characteristic of confining pressure by soil.
Therefore, it is reasonable to evaluate the strength
by applying the intensity equation linear shear
strength of the soil. In practice, non-linear strength
of the ground may dominate the stability, hence it is
important to incorporate the stability evaluation of
the nonlinearity strength in engineering. The rigid-
plastic constitutive equation, that is non-linear,
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should be used for higher-order yield function. In
this case, the effect of compression stress on
estimated values is smaller than those obtained from
the linear intensity formula. In this section, we
perform a numerical analysis with respect to the
horizontal ground and the comparision with
theoretical solution of Meyerhof.
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Fig. 5 Bearing capacity with higher order yield
function

Fig. 5 shows the development of Rigid Plastic
Finite Element Method. RPFEM results coincide
with the results of Meyerhof, which mean that the
results obtained from non-linear shear strength
properties is much better than the linear function
described earlier.

5.2 Bearing capacity of footing for inclined load
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Fig.6 Bearing capacity with angle of Inclined load
0 =20 deg

Results from Fig. 6 indicated that the differences
between RPFEM and AlJ methods are significantly
improved when comparing with the results
calculated from linear shear strength properties.

As can be seen from Fig. 7, with width of
footing B=30m when considering the influence of
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inclined load, the effect of confining stress is very
significant and the use of nonlinear properties of
shear stress to calculate the bearing capacity of
footing is perfectly reasonable.
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Fig. 7 Bearing capacity with Inclined load effect in
case width of footing B = 30m

In this case, the values of bearing capacity
decrease quickly under effect of inclination load.
Impact of size footing is considerable. The value of
bearing capacity reduces from 3 to 4 times when
considering size effect. This finding is very
important to insure stability of building.

The use of rigid-plastic constitutive equation
with higher-order yield function proposed, which
can be expressed nonlinearity strength by confining
stress of the ground and checked the applicability of
Druker-Prager method to the ultimate bearing
capacity problems.

6. CONCLUSION

This study has developed the ultimate bearing
capacity analysis method using a rigid-plastic
constitutive equation with higher-order yield
function by confining pressure. The empirical
results indicated that, ultimate bearing capacity
value decreases in accordance with the increase of
the load inclination angle in both cases linear and
nonlinear shear strength properties. However, the
values of ultimate bearing capacity from developed
RPFEM with high order yield function is less than
those values obtained from Drucker-Prager’s yield
function.

In addition, be evaluated properly to yield
function from the change in values of the first
invariant 11 of the stress and, the effects of
confining pressure of the ground can be evaluated
reasonably.

However, the results from empirical
investigation are still limited by the experimental
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method in case of size of footing. RPFEM coincided
with the calculated results from the experimental
method. This persuasively demonstrates the
accuracy of this method. We proposed to use
numerical method with large width of footing. The
applicability of RPFEM is to solve more
complicated problems in case of layered ground and
improved ground. The developed rigid plastic finite
element method can provide the good estimation for
wider range of footing size.
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