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ABSTRACT: Nielsen-Lohse bridges are tied-arch bridges, in which braced cables cross each other and are 
connected by intersection clamps. In the maintenance of Nielsen-Lohse bridges, cable tension has to be 
estimated for safety evaluation. In the current practice for cable tension estimation, the intersection clamps are 
removed, a vibration-based cable tension estimation method for single cables is applied to each cable, and the 
intersection clamps are then reinstalled. However, the removal and reinstallation of the intersection clamps 
take time and labor. To improve the efficiency of the tension estimation procedure, the authors proposed two 
tension estimation methods (methods 1 and 2) for two cables connected by the intersection clamp in a previous 
study. Method 1 uses the natural frequencies in the out-of-plane direction, while method 2 uses the natural 
frequencies in the in-plane direction. Methods 1 and 2 require at least four and six natural frequencies in the 
out-of-plane and in-plane directions, respectively. However, collection of the required number of natural 
frequencies in each direction and specification of the vibration direction for each natural frequency can 
occasionally be difficult. With this background, the first objective of this study is to propose two additional 
methods (methods 3 and 4) that allow simultaneous input of both the out-of-plane and in-plane natural 
frequencies. The difference between the methods is that method 3 requires the vibration direction for each 
natural frequency but method 4 does not. The second objective of this study is to compare the validity of the 
four methods (methods 1, 2, 3, and 4), and to examine which method is recommended in which situation 
through numerical and experimental verifications. It was concluded that method 1 is recommended if the 
vibration direction of measured out-of-plane natural frequencies is assigned correctly, and method 4 is 
recommended if the vibration direction of the measured natural frequencies is assigned wrongly. Out-of-plane 
natural frequencies were found to be more reliable because out-of-plane vibrationallows are easier to generate.  
 
Keywords: New cable tension estimation method, Nielsen-Lohse bridge, Natural frequency, Out-of-plane 
direction, In-plane direction, Vibration direction 
 
 
1. INTRODUCTION 
 

Cable structures such as those in cable-stayed 
bridges are designed to support loads using cable 
tension. Because each cable has a specific load-
bearing capacity, it is necessary to measure cable 
tension and confirm that the cable does not exceed 
its load-bearing capacity. The cable tension can be 
measured by a direct measurement method using 
devices such as load cells or by an indirect 
estimation method using the cable’s vibration 
characteristics. The former method is difficult to 
apply in practical situations because of the high cost 
and installation of complex devices. Therefore, the 
latter method is generally used in practice because 
it is simpler to implement. 

In Japan, the vibration method proposed by 
Shinke et al. [1] and the higher-order vibration 
method proposed by Yamagiwa et al. [2] are mainly 
used in practice of cable tension estimation. Shinke 
et al. [1] modeled the cable under test as a string and 
proposed an equation to estimate its tension from 

the natural frequency of a single mode. However, 
because an actual cable is not a perfect string and its 
bending stiffness thus cannot be ignored, a 
correction formula was proposed that takes the 
effect of the bending stiffness into account. 
Therefore, it is necessary to determine the cable’s 
bending stiffness value in advance. This problem 
was solved in the higher-order vibration method of 
Yamagiwa et al. [2]. In this method, the cable was 
modeled as a tensioned Euler-Bernoulli beam, and 
a theoretical equation to express the natural 
frequency of each mode was derived using the 
tension and bending stiffness. Therefore, if the 
natural frequencies of two or more modes are 
measured, it becomes possible to estimate the 
tension and the bending stiffness simultaneously. It 
is thus no longer necessary to determine the bending 
stiffness in advance.  

In addition to the methods above, several other 
tension estimation methods have been proposed, 
including a method that uses mode shapes [3], a 
method for cables with complex boundary 
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conditions [4] [5], a method for inclined cables [6], 
a method that uses a neural network [7], and 
methods for cables with a damper [8] [9] [10]. 
However, these studies address tension estimation 
for a single cable. 

This study focuses on estimation of the tension 
of two cables connected using an intersection clamp 
on a Nielsen-Lohse bridge [11] [12] [13], which is 
illustrated in Fig. 1. The girder is supported 
elastically by bracing cables suspended from the 
arch members. These braced cables cross each other 
and are connected using intersection clamps to 
prevent noise and damage being caused by contact 
due to wind-induced vibration. 

In the current cable tension estimation practice 
for Nielsen-Lohse bridges, single cable tension 
estimation methods such as the vibration method [1] 
or the higher-order vibration method [2] are used 
after the intersection clamps are removed to allow 
each cable to vibrate as a single cable. However, 
because the intersection clamps are often installed 
high above the girders, their removal and re-
installation requires use of an aerial working 
platform and traffic control, which requires 
additional time and labor. Therefore, if the tension 
can be estimated without removal of the intersection 
clamps, the tension estimation process efficiency 
will be improved. 

There have been few previous studies on tension 
estimation methods for Nielsen-Lohse bridges. 
Kuriyama et al. [14] proposed a method in which 
the length of cable between the intersection clamp 
and one cable end is regarded as a single cable, and 
the higher-order vibration method is applied 
without removing the intersection clamp. However, 
because these intersection clamps are not fixed, it is 
difficult to regard an intersection clamp 
theoretically as an end. Therefore, a method based 
on an overall model of the connected cables and the 
intersection clamp is required. However, such a 
method has yet to be studied.  

The authors recently proposed two methods 
(methods 1 and 2) to estimate the tension of two 
cables connected using an intersection clamp from 
the natural frequencies [15]. Method 1 uses the 
natural frequencies in the out-of-plane direction, 
and the tensions and bending stiffnesses of the two 
cables are estimated simultaneously. Therefore, at 
least four natural frequencies are required in the out-
of-plane direction. Method 2 uses the natural 
frequencies in the in-plane direction, and the 
tensions, bending stiffnesses, and axial stiffnesses 
of two cables are estimated simultaneously. 
Therefore, at least six natural frequencies are 
required in the in-plane direction.  

However, collection of the required number of 
natural frequencies in each direction can 
occasionally be difficult. Additionally, there are 
cases in which specification of the vibration 

direction for each natural frequency is difficult. 
Therefore, this study proposes two additional 
methods, designated methods 3 and 4, which allow 
simultaneous input of the out-of-plane and in-plane 
natural frequencies. The difference between these 
methods is that method 3 requires the vibration 
direction for each natural frequency but method 4 
does not require these directions. The validity of 
both of the proposed methods was verified via 
numerical simulations and laboratory experiments.  
 
2. TENSION ESTIMATION METHODS 
 

This section explains the authors’ previously 
proposed tension estimation methods (designated 
methods 1 and 2) and the newly proposed methods 
(designated methods 3 and 4). 
 
2.1 Definition of Axis and Displacements 
 

This study deals with methods to estimate the 
tensions of two cables connected using an 
intersection clamp, as illustrated in Fig. 2(a). It is 
assumed that both ends of the cables are simply 
supported. Assuming that there is a plane that 
consists of the two cables, the vibrations of the 
cables can be divided into two directions: vibrations 
perpendicular to the plane (the out-of-plane 
direction) and vibrations in the plane (the in-plane 
direction).  

A cable number 𝑘 (𝑘 ൌ 1,2) is assigned to each 
of the two cables. The elemental coordinate system 
used for cable 𝑘 is shown in Fig. 2(b).  
 

 
Fig. 1 Schematic view of Nielsen-Lohse bridge 
 

 
 

 
 
(a) Two 
cables 
connected at 
a single 
point 

 
(b) Definition of the axis and displacements 

in an elemental coordinate system 
 

Fig. 2 Target model 

θ
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The cable axis is 𝑥௞ , and the right direction 
represents the positive direction. Let 𝑚 be the index 
that represents the left side (𝑚 ൌ 1) and the right 
side (𝑚 ൌ 2 ) of the intersection clamp. Let the 
length from the left end to the intersection clamp be 
𝐿௞ଵ, and let the length from the intersection clamp 
to the right end be 𝐿௞ଶ; then, the cable length 𝐿௞ is 
𝐿௞ ൌ 𝐿௞ଵ ൅ 𝐿௞ଶ. 
 
2.2 Vibration Equation 

 
By considering the cable to be a tensioned 

Euler-Bernoulli beam, the vibration equations for 
the three directions are expressed as the following 
partial differential equations. 

𝜌௞𝐴௞
𝜕ଶ𝑤௞௠ሺ𝑥௞, 𝑡ሻ

𝜕𝑡ଶ ൅ 𝐸௞𝐼௞
𝜕ସ𝑤௞௠ሺ𝑥௞, 𝑡ሻ

𝜕𝑥௞
ସ

െ 𝑇௞
𝜕ଶ𝑤௞௠ሺ𝑥௞, 𝑡ሻ

𝜕𝑥௞
ଶ ൌ 0 

(1) 

𝜌௞𝐴௞
𝜕ଶ𝑢௞ሺ𝑥௞, 𝑡ሻ

𝜕𝑡ଶ െ 𝐸௞𝐴௞
𝜕ଶ𝑢௞ሺ𝑥௞, 𝑡ሻ

𝜕𝑥௞
ଶ ൌ 0 (2) 

𝜌௞𝐴௞
𝜕ଶ𝑣௞௠ሺ𝑥௞, 𝑡ሻ

𝜕𝑡ଶ ൅ 𝐸௞𝐼௞
𝜕ସ𝑣௞௠ሺ𝑥௞, 𝑡ሻ

𝜕𝑥௞
ସ

െ 𝑇௞
𝜕ଶ𝑣௞௠ሺ𝑥௞, 𝑡ሻ

𝜕𝑥௞
ଶ ൌ 0 

(3) 

where 𝑤௞௠ሺ𝑥௞, 𝑡ሻ is the out-of-plane displacement 
of cable 𝑘 on the left (𝑚 ൌ 1) or right (𝑚 ൌ 2) side 
with regard to position 𝑥௞  and time 𝑡 . 𝑢௞௠ሺ𝑥௞, 𝑡ሻ 
and 𝑣௞௠ሺ𝑥௞, 𝑡ሻ  are the in-plane displacements. 
𝑢௞௠ሺ𝑥௞, 𝑡ሻ is the axial displacement and 𝑣௞௠ሺ𝑥௞, 𝑡ሻ 
is the displacement orthogonal to the axis. 𝜌௞ is the 
cable material density, 𝐴௞  is the cross-sectional 
area, 𝜌௞𝐴௞  is the mass per unit length, 𝐸௞  is 
Young's modulus, 𝐼௞ is the second moment of area, 
𝐸௞𝐼௞  is the bending stiffness, 𝐸௞𝐴௞  is the axial 
stiffness, and 𝑇௞ is the tension of cable 𝑘.  

𝑤௞௠ሺ𝑥௞, 𝑡ሻ , 𝑢௞௠ሺ𝑥௞, 𝑡ሻ , and 𝑣௞௠ሺ𝑥௞, 𝑡ሻ  are 
given by the product of a function of the cable 
coordinate 𝑥௞ and a function of time 𝑡, as follows: 

𝑤௞௠ሺ𝑥௞, 𝑡ሻ ൌ 𝑊௞௠ሺ𝑥௞ሻexp ሺ𝑗𝜔𝑡ሻ (4) 

𝑢௞௠ሺ𝑥௞, 𝑡ሻ ൌ 𝑈௞௠ሺ𝑥௞ሻexp ሺ𝑗𝜔𝑡ሻ (5) 

𝑣௞௠ሺ𝑥௞, 𝑡ሻ ൌ 𝑉௞௠ሺ𝑥௞ሻexp ሺ𝑗𝜔𝑡ሻ (6) 

 
2.3 Constraint Equations for Natural 
Frequencies in the Out-of-Plane Direction [15] 
 

Substitution of Eq. (4) into Eq. (1) allows the 
ordinary differential equation for 𝑊௞௠ሺ𝑥௞ሻ  to be 
obtained. The general solution for 𝑊௞௠ሺ𝑥௞ሻ is then 
obtained by solving this ordinary differential 
equation. By applying the boundary conditions at 
both ends of the cable, and applying the continuity 

conditions and the equilibrium of forces at the 
intersection clamp position to the general solution, 
the following constraint equation for the natural 
frequency 𝑓௜ of the 𝑖th mode can be derived. 

𝐺ଵ
௜ ≡ 𝑔ଵଵ

௜ 𝑔ଶଶ
௜  ൅ 𝑔ଵଶ

௜ 𝑔ଶଵ
௜ 𝑔ଷଶ

௜

𝑔ଷଵ
௜ ൌ 0 (7) 

The functions that compose the function 𝐺ଵ
௜  and its 

related functions are given as follows. 

𝑔ଵ௞
௜ ൌ sin 𝛼௞

௜ 𝐿௞ (8) 

𝑔ଶ௞
௜ ൌ sin 𝛼௞

௜ 𝐿௞ଵ sin 𝛼௞
௜ 𝐿௞ଶ 

െ
𝛼௞

௜

𝛽௞
௜ sin 𝛼௞

௜ 𝐿௞
1 ൅ 𝑒ିଶఉೖ

೔ ௅ೖ െ 𝑒ିଶఉೖ
೔ ௅ೖభ െ 𝑒ିଶఉೖ

೔ ௅ೖమ

2൫1 െ 𝑒ିଶఉೖ
೔ ௅ೖ൯

 
(9) 

𝑔ଷ௞
௜ ൌ 𝐸௞𝐼௞ ቄ൫𝛼௞

௜ ൯
ଶ

൅ ൫𝛽௞
௜ ൯

ଶ
ቅ 𝛼௞

௜  (10)

𝛼௞
௜ ൌ ඩඨ൬

𝑇௞

2𝐸௞𝐼௞
൰

ଶ

൅
𝜌௞𝐴௞ሺ2𝜋𝑓௜ሻଶ

𝐸௞𝐼௞
െ

𝑇௞

2𝐸௞𝐼௞
 (11)

𝛽௞
௜ ൌ ඩඨ൬

𝑇௞

2𝐸௞𝐼௞
൰

ଶ

൅
𝜌௞𝐴௞ሺ2𝜋𝑓௜ሻଶ

𝐸௞𝐼௞
൅

𝑇௞

2𝐸௞𝐼௞
 (12)

The natural frequency 𝑓௜  is not included 
explicitly in Eq. (7), but it is included in 𝛼௞

௜  and 𝛽௞
௜  

in Eqs. (11) and (12). In conclusion, Eq. (7) 
represents the constraint equation that 𝑓௜ in the out-
of-plane direction must satisfy. 
 
2.4 Constraint Equations for Natural 
Frequencies in the In-Plane Direction [15] 
  

Substitution of Eqs. (5) and (6) into Eqs. (2) and 
(3) allows the ordinary differential equations for 
𝑢௞௠ሺ𝑥௞, 𝑡ሻ and 𝑣௞௠ሺ𝑥௞, 𝑡ሻ to be obtained. General 
solutions for 𝑈௞௠ሺ𝑥௞ሻ  and 𝑉௞௠ሺ𝑥௞ሻ  can then be 
obtained by solving the ordinary differential 
equations. By applying the boundary conditions at 
both ends of the cable and the continuity conditions 
and the equilibrium of forces at the intersection 
clamp position to the general solutions, the 
following constraint equation for the natural 
frequency 𝑓௜ of the 𝑖-th mode can be derived: 

 

𝐺ଶ
௜ ≡ 

cosଶ𝜃 ቆ𝑔ଵଵ
௜ 𝑔ଶଶ

௜ ൅ 𝑔ଵଶ
௜ 𝑔ଶଵ

௜ 𝑔ଷଶ
௜

𝑔ଷଵ
௜ ቇ ቆ𝑔ସଵ

௜ 𝑔ହଶ
௜ ൅ 𝑔ସଶ

௜ 𝑔ହଵ
௜ 𝑔଺ଶ

௜

𝑔଺ଵ
௜ ቇ 

൅ 

sinଶ𝜃 ቆ𝑔ଵଵ
௜ 𝑔ହଶ

௜ ൅ 𝑔ସଶ
௜ 𝑔ଶଵ

௜ 𝑔଺ଶ
௜

𝑔ଷଵ
௜ ቇ ቆ𝑔ସଵ

௜ 𝑔ଶଶ
௜ ൅ 𝑔ଵଶ

௜ 𝑔ହଵ
௜ 𝑔ଷଶ

௜

𝑔଺ଵ
௜ ቇ 

ൌ 0 

(13)
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The functions that comprise the function 𝐺ଶ
௜   

and its related functions are given in Eqs. (8)–(12) 
and in the equations below. 

𝑔ସ௞
௜ ൌ sin 𝜂௞

௜ 𝐿௞ (14) 

𝑔ହ௞
௜ ൌ sin 𝜂௞

௜ 𝐿௞ଵ sin 𝜂௞
௜ 𝐿௞ଶ (15) 

𝑔଺௞
௜ ൌ 𝐸௞𝐴௞𝜂௞

௜  (16) 

𝜂௞
௜ ൌ 2𝜋𝑓௜ඨ

𝜌௞𝐴௞

𝐸௞𝐴௞
 (17) 

The natural frequency 𝑓௜  is not included 
explicitly in Eq. (13), but is included in 𝛼௞

௜ , 𝛽௞
௜ , and 

𝜂௞
௜  in Eqs. (11), (12), and (17), respectively. In 

conclusion, Eq. (13) represents a constraint 
equation that the natural frequency in the in-plane 
direction must satisfy. 

 
2.5 Previously Proposed Methods [15] 
 
2.5.1 Method 1(out-of-plane method) 

The authors previously proposed a tension 
estimation method (method 1) using the natural 
frequencies in the out-of-plane direction that is used 
to solve the following optimization problem: 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐹ଵሺ𝑇ଵ, 𝑇ଶ, 𝐸ଵ𝐼ଵ, 𝐸ଶ𝐼ଶሻ ൌ ෍൫𝐺ଵ
௜൯

ଶ
௡

௜ୀଵ

 (18) 

where 𝑛 is the total number of natural frequencies 
used for the estimation. 

The mass per unit length of the two cables 𝜌௞𝐴௞ 
(density: 𝜌௞; cross-sectional area: 𝐴௞) and the cable 
length 𝐿௞ must be determined in advance from the 
design drawings. The natural frequency 𝑓௜  is then 
obtained by measurement. By substituting the 
measured natural frequency 𝑓௜  into Eqs. (11) and 
(12), and then solving the nonlinear optimization 
problem in Eq. (18), the tension 𝑇௞  and bending 
stiffness 𝐸௞𝐼௞ are obtained for the two cables. 
 
2.5.2 Method 2 (in-plane method) 

The authors also previously proposed a tension 
estimation method (method 2) using the natural 
frequencies in the in-plane direction that is used to 
solve the following optimization problem: 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐹ଶሺ𝑇ଵ, 𝑇ଶ, 𝐸ଵ𝐼ଵ, 𝐸ଶ𝐼ଶ, 𝐸ଵ𝐴ଵ, 𝐸ଶ𝐴ଶሻ

ൌ ෍൫𝐺ଶ
௜ ൯

ଶ
௡

௜ୀଵ

 (19)

By substituting the measured 𝑓௜ into Eqs. (11), 
(12), and (17), and then solving the nonlinear 
optimization problem in Eq. (19), the tension 𝑇௞ , 
bending stiffness 𝐸௞𝐼௞, and axial stiffness 𝐸௞𝐴௞ are 
obtained for the two cables. 
 

2.6 Newly Proposed Methods 
 

2.6.1 Method 3 
In methods 1 and 2, only the natural frequencies 

in the corresponding (i.e., out-of-plane or in-plane) 
direction can be input into the equations, and the 
natural frequencies in the other direction cannot be 
input. This study proposes a new tension estimation 
method (method 3) that can combine the natural 
frequencies in both directions. The vibration 
direction of each natural frequency must be 
assigned correctly. Method 3 is used to solve the 
following optimization problem: 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐹ଷሺ𝑇ଵ, 𝑇ଶ, 𝐸ଵ𝐼ଵ, 𝐸ଶ𝐼ଶ, 𝐸ଵ𝐴ଵ, 𝐸ଶ𝐴ଶሻ

ൌ ෍൫𝐺ଵ
௜൯

ଶ
௡ଵ

௜ୀଵ

൅ ෍൫𝐺ଶ
௜ ൯

ଶ
௡ଶ

௜ୀଵ

 (20) 

where 𝑛1 and 𝑛22 arethe total numbers of natural 
frequencies for the out-of-plane and in-plane 
directions, respectively. 
 
2.6.2 Method 4 

By installing accelerometers that act in the out-
of-plane direction and striking the cable with a 
hammer in the out-of-plane direction, it becomes 
theoretically possible to measure the vibrations in 
the out-of-plane direction. Similarly, by installing 
accelerometers that act in the in-plane directions 
and striking the cable with the hammer in the in-
plane directions, it becomes theoretically possible 
to measure the vibrations in the in-plane directions. 

However, it is sometimes difficult to excite 
purely out-of-plane and in-plane vibrations in field 
measurements. Similarly, it is sometimes difficult 
to install accelerometers to act in the exact out-of-
plane or in-plane directions. In these cases, the 
vibration direction of the measured natural 
frequency cannot be specified correctly.  

To overcome this difficulty, method 4, which 
does not need the direction to be specified, is 
proposed in this work. Method 4 is used to solve the 
following optimization problem: 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐹ସሺ𝑇ଵ, 𝑇ଶ, 𝐸ଵ𝐼ଵ, 𝐸ଶ𝐼ଶ, 𝐸ଵ𝐴ଵ, 𝐸ଶ𝐴ଶሻ

ൌ ෍൫𝐺ଵ
௜ ∙ 𝐺ଶ

௜ ൯
ଶ

௡

௜ୀଵ

 (21) 

where 𝑛 is the total number of natural frequencies 
used for the estimation. 
 
3. NUMERICAL VERIFICATION 
 
3.1 Overview  

In this section, numerical simulations are 
performed to compare the validity of the previously 
proposed methods (1 and 2) and the newly proposed 
methods (3 and 4). The natural frequencies obtained 
by performing an eigenvalue analysis using the 
finite element method are input into the proposed 
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methods, and it is then verified whether these 
methods can estimate the tension. Methods 1, 2, 3, 
and 4 solve the optimization problems shown in Eqs. 
(18), (19), (20), and (21), respectively. Because the 
estimation accuracy for both the bending and axial 
stiffness is poor [15], only the accuracy of the 
tension estimation is examined here.  

 
3.2 Analytical Models 

Various models for configurations of two cables 
with an intersection clamp are considered here. 
About the material properties of the cables, four 
cable types, which are designated A, B, C, and D, 
are considered and have properties as shown in 
Table 1. About the possible combinations of two 
cables, the five cases listed from Case 1 to Case 5 
are considered, as shown in Table 2. In Case 1, the 
two cables have the same length and the same 
material properties. In Case 2, the two cables have 
the same length but different material properties. 
Cases 3 and 4 are both cases with two cables of the 
same length and the same material properties. In 
Case 3, the effect of the clamp location is examined.  

 
Table 1 Cable specifications 

Cable 
name 

Tension 
Bending 
stiffness 

Axial 
stiffness 

Mass per unit 
length 

T  EI EA A 

(kN) (kN×m2) (kN) (ton/m) 

A 280.5  12.56  233240 0.0102  
B 661.5  68.99  550760 0.0242  
C 336.0  17.62  278320 0.0122  
D 771.0  92.51  640920 0.0281  

 
Table 2 Cases for cable combinations 

 
 

 

In Case 4, the effect of the crossing angle between 
the two cables is examined. In Case 5, the two 
cables have the same material properties but have 
different lengths.  

 
Table 3 Cable models 

(a) Case 1 

Model 
no. 

Cable name 
L1 (m) L11/L1  (°) L2/L1 

1 2 

1 A A 10 0.6 60 1 
2 A A 20 0.6 60 1 
3 A A 40 0.6 60 1 
4 B B 10 0.6 60 1 
5 B B 20 0.6 60 1 
6 B B 40 0.6 60 1 

 
(b) Case 2 

Model 
no. 

Cable name 
L1 (m) L11/L1  (°) L2/L1 

1 2 

7 A C 10 0.6 60 1 
8 A C 20 0.6 60 1 
9 A C 40 0.6 60 1 
10 B D 10 0.6 60 1 
11 B D 20 0.6 60 1 
12 B D 40 0.6 60 1 

 
(c) Case 3 

Model 
no. 

Cable name 
L1 (m) 

 
L11/L1  (°) 

 
L2/L1 

1 2 

13 A A 10 0.3 60 1 
14 A A 10 0.9 60 1 
15 A A 20 0.3 60 1 
16 A A 20 0.9 60 1 
17 A A 40 0.3 60 1 
18 A A 40 0.9 60 1 
19 B B 10 0.3 60 1 
20 B B 10 0.9 60 1 
21 B B 20 0.3 60 1 
22 B B 20 0.9 60 1 
23 B B 40 0.3 60 1 
24 B B 40 0.9 60 1 

 
(d) Case 4 

Model 
no. 

Cable name 
L1 (m) L11/L1  (°) L2/L1 

1 2 

25 A A 10 0.6 50 1 
26 A A 10 0.6 70 1 
27 A A 20 0.6 50 1 
28 A A 20 0.6 70 1 
29 A A 40 0.6 50 1 
30 A A 40 0.6 70 1 
31 B B 10 0.6 50 1 
32 B B 10 0.6 70 1 
33 B B 20 0.6 50 1 
34 B B 20 0.6 70 1 
35 B B 40 0.6 50 1 
36 B B 40 0.6 70 1 
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(e) Case 5 
Model 

no. 
Cable name 

L1 (m) L11/L1  (°) L2/L1 
1 2 

37 A A 10 0.6 60 0.75 
38 A A 10 0.6 60 0.85 
39 A A 10 0.6 60 0.95 
40 A A 20 0.6 60 0.75 
41 A A 20 0.6 60 0.85 
42 A A 20 0.6 60 0.95 
43 A A 40 0.6 60 0.75 
44 A A 40 0.6 60 0.85 
45 A A 40 0.6 60 0.95 
46 B B 10 0.6 60 0.75 
47 B B 10 0.6 60 0.85 
48 B B 10 0.6 60 0.95 
49 B B 20 0.6 60 0.75 
50 B B 20 0.6 60 0.85 
51 B B 20 0.6 60 0.95 
52 B B 40 0.6 60 0.75 
53 B B 40 0.6 60 0.85 
54 B B 40 0.6 60 0.95 

 
Table 4 Numbers of natural frequencies in each 

direction and numbers of unknowns 

Methods 
No. of natural 
frequencies  No. of unknowns 

Out-of-plane In-plane 
1 7 0 4 (𝑇ଵ, 𝑇ଶ, 𝐸ଵ𝐼ଵ, 𝐸ଶ𝐼ଶ) 
2 0 7 6 (𝑇ଵ, 𝑇ଶ, 

𝐸ଵ𝐼ଵ, 𝐸ଶ𝐼ଶ, 
𝐸ଵ𝐴ଵ, 𝐸ଶ𝐴ଶ) 

3 4 3 
4 4 3 

 
Table 5 Solution ranges (numerical verification) 
Parameter Lower bound Upper bound 

Tension 0.26 × the true value 2 × the true value 
Bending 
stiffness 

0.26 × the true value 2 × the true value 

Axial 
stiffness 

0.26 × the true value 2 × the true value 

 
A total of 54 analytical models are considered, 

as shown in Table 3. The two cables were named 
cable 1 and cable 2. There are three lengths for cable 
1 (10 m, 20 m, and 40 m), four combinations of 
material properties are used for cables 1 and 2 (A-
A, B-B, A-C, and B-D), and three different 
intersection clamp locations (30%, 50%, and 90% 
from the end), three different cable crossing angles 
(50°, 60°, and 70°), and four ratios for the two cable 
lengths (1.0, 0.95, 0.85, and 0.75). Tension 
estimation was performed for all 54 models. 
 
3.3 Calculation of Natural Frequencies  

 
The natural frequencies of the 54 analytical 

models were calculated by performing an 
eigenvalue analysis using the finite element method. 
Two-dimensional analytical models for the out-of-
plane and in-plane directions were then created. The 

element size was set at 0.1 m. The boundary 
condition at both ends was that of simple support. It 
was assumed that the displacements at the 
intersection clamp have the same degree of freedom 
for the two cables. 
 
3.4 Analysis Condition for Tension Estimation 

 
Table 4 shows the number of natural frequencies 

used to perform the estimation. In all four methods, 
seven natural frequencies were input in total. Table 
4 also shows the number of unknowns for each 
method.  

Table 5 shows the lower and upper bounds for 
the unknowns when solving the optimization 
problems. To avoid local minimum solutions, the 
lower bound for the tension was set to be 0.26 times 
the true value [15]. In the previous study by Harada 
et al. [16], the difference between the actual cable 
tension of a Nielsen-Lohse bridge after 30 years of 
service and the designed value was approximately 
10% on average, and the minimum and maximum 
ratios of the actual tension to the designed value 
were 0.76 and 1.4, respectively. Therefore, it is 
reasonable to set the lower bound for the tension to 
be 0.26 times the true value and the corresponding 
upper bound to be twice the true value.  

The MultiStart method [17] is used to avoid 
finding a local minima solution when solving 
optimization problems. In the MultiStart method, 
the parameters are estimated using various initial 
values. The optimal solution is then obtained for 
each initial value, and the solution with the smallest 
objective function value is considered to be the 
optimal global solution. The number of initial 
values for the MultiStart method was set at 100, and 
100 sets of initial values were generated at random 
within the solution ranges shown in Table 5.  
 
3.5 Tension Estimation Results and Discussion 
 
3.5.1 Tension estimation results 

Figures 3 (a)-(d) show the tension estimation 
results for the four methods. The horizontal axis 
represents the model number, and the vertical axis 
represents the ratio of the estimated value to the true 
value. The vertical grid lines represent the 
boundaries between the cases. When the estimated 
value on the vertical axis is closer to 1, this indicates 
that the estimate is closer to the true value.  

Figure 3(e) compares the average, maximum 
and minimum values of the estimation results (the 
ratio of the estimated value to the true value) for the 
four methods. The average is expressed with bars 
and almost 1 for all methods. The maximum and 
minimum values are expressed with error bars. The 
maximum estimation errors for methods 1, 2, 3, and 
4 are 2.2%, 3.3%, 2.3%, and 2.6%, respectively. 
Method 1 shows the highest accuracy, and Method 
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2 shows the lowest accuracy. However, all methods 
show comparatively high accuracy for all models. 

 

 
(a) Method 1 

 
(b) Method 2 

 
(c) Method 3 

 
(d) Method 4

 
(e) Comparison of average, maximum, and 

minimum values 
Fig. 3 Tension estimation results for methods 1–4 

3.5.2 Tension estimation errors 
Figures 4 (a)-(d) show the tension estimation 

errors for the four methods. 
For method 1, the tension estimation errors of 

the two cables are almost the same as shown in Fig. 
4(a). From Fig. 3(a) and 4(a), it was found that the 
tension of one cable is underestimated, while the 
tension of the other cable is overestimated by the 
same amount. This is because the natural 
frequencies of the two cables do not change 
significantly if the tension of one cable is slightly 
reduced and the tension of the other cable is 
increased by the same amount. Furthermore, the 
estimation errors of model no. 1-36 is larger than 
those of model no. 37-54. The shape of model no. 
1-36 is symmetrical with two cables having the 
same cable length, whereas the shape of model no. 
37-54 is asymmetrical with different cable lengths. 
The situation where the tension of one cable is 
underestimated and the tension of the other cable is 
overestimated is likely to occur in the symmetric 
models. In addition, the models with short cables 
(10m) tend to have a large estimation error. 

For method 2, on the other hand, the tension 
estimation errors of the two cables are different, as 
shown in Fig. 4(b). Method 2 uses in-plane natural 
frequencies that are affected by the axial stiffness in 
addition to tension and bending stiffness, whereas 
method 1 uses out-of-plane natural frequencies that 
are only affected by tension and bending stiffness. 
Therefore, tension is less sensitive to the in-plane 
natural frequencies used in method 2 than the out-
of-plane natural frequencies used in method 1. 
Therefore, the tension estimation error of method 2 
is larger than that of method 1, and the estimation 
error of the two cables is different in method 2. 

Methods 3 and 4 use the simultaneous input of 
both out-of-plane and in-plane natural frequencies. 
Figures 3(c) and 3(d) show that the estimation 
errors of the two cables are almost the same, 
showing a similar tendency to method 1. Figure 4(e) 
compares the tension estimation errors among the 
four methods using three error indices. The 
maximum error is the maximum estimation error for 
all models and both cables. The root-mean-square 
error ratio (RMSER) and the maximum absolute 
error ratio (MAER) were calculated as follows: 

𝑅𝑀𝑆𝐸𝑅 ൌ ඩ
1

2𝑁
෍ ෍ ቆ

𝑇𝑘
𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑ሺ𝐼ሻ

𝑇𝑘
𝑡𝑟𝑢𝑒ሺ𝐼ሻ

െ 1ቇ
22

𝑘ൌ1

𝑁

𝐼ൌ1

 (22) 

𝑀𝐴𝐸𝑅 ൌ
1

2𝑁
෍ ෍ ቤ

𝑇𝑘
𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑ሺ𝐼ሻ

𝑇𝑘
𝑡𝑟𝑢𝑒ሺ𝐼ሻ

െ 1ቤ

2

𝑘ൌ1

𝑁

𝐼ൌ1

 (23) 

where 𝑁 is the total number of cables (54), 𝑇ଵ
௧௥௨௘ 

and 𝑇ଶ
௧௥௨௘ are the true values of the tension of cables 

1 and 2, respectively, 𝑇ଵ
௘௦௧௜௠௔௧௘ௗ and 𝑇ଶ

௘௦௧௜௠௔௧௘ௗ are 
the estimated tensions of cables 1 and 2, 
respectively, and 𝐼 is the model number. 
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(a) Method 1 

 
(b) Method 2 

 
(c) Method 3 

 
(d) Method 4 

 
(e) Comparison of error indices 

Fig. 4 Tension estimation errors for methods 1–4 

     If the methods are listed in ascending order of 
maximum error, the order is method 1 < method 3 
< method 4 < method 2. If the methods are listed in 
ascending order of RMSER and MAER, the order 
becomes method 3 < method 1 < method 4 < 
method 2. Method 1 gives the smallest maximum 
error, and method 3 gives the smallest average error. 
Method 4 is the third most accurate method, and 
method 2 shows the lowest accuracy. Methods 3 
and 4 both showed higher accuracy than method 2 
because they use the natural frequencies in out-of-
plane directions. Method 4 showed high accuracy 
even though it does not specify the vibration 
directions for the natural frequencies.  

Based on the findings above, the use of method 
1 is recommended if the vibration directions of the 
measured natural frequencies can be specified 
correctly, and the use of method 4 is recommended 
if the vibration directions of the measured natural 
frequencies are difficult to specify. 

 
4. EXPERIMENTAL VERIFICATION 
 
4.1 Outline of Experiment 

Physical model experiments were conducted to 
validate the proposed methods. A schematic 
diagram of the setup used and photographs of the 
test specimen are shown in Fig. 5. Two cables were 
connected by an intersection clamp and supported 
at both ends. Prestressed steel strands were used for 
the cables. A load cell was installed at one end of 
each cable, and the tensions measured using these 
load cells were assumed to be the true values. 
Accelerometers were installed in each span between 
the intersection clamp and each cable end.  

Table 6 lists the structural specifications of the 
test specimen. The tensions shown in Table 6 are 
the values measured using the load cells. The 
bending stiffness and axial stiffness were 
determined through the multiplication of the catalog 
values of Young's modulus and the cross-sectional 
properties. 
 
4.2 Natural Frequency 

 
In the experiments, the test specimen was struck 

with a hammer near accelerometer no. 1. The 
natural frequencies were then obtained by reading 
the dominant frequencies from the acceleration 
Fourier spectra. The natural frequencies in the out-
of-plane and in-plane directions are listed in Table 
7 in ascending order. The natural frequencies in the 
out-of-plane and in-plane directions were obtained 
from accelerometers installed in the corresponding 
directions. The number of natural frequencies used 
in the estimation process is shown in Table 4. It is 
the same number that was used in the numerical 
verification. In each of the methods, seven natural 
frequencies were input in total. 
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(a) Diagram of the test specimen 

 

 
(b) Photograph of the test specimen 

 

 
(c) Cable cross-section (d) Intersection clamp 

Fig. 5. Overview of the model experiment 
 

Table 6 Parameters of the test specimen 

Cable 
no. 

Tension
(kN) 

Bending 
stiffness 
(kNm2) 

Axial 
stiffness 

(kN) 

Mass per unit 
length 
(ton/m) 

1 
T1 E1I1 E1A1 1A1 

150.4  2.26 1.04×105 0.0043  

2 
T2 E2I2 E2A2 2A2 

103.6  2.26  1.04×105 0.0043  
 

Cable 
no. 

Length
(m) 

Location of the 
intersection clamp (-) 

Cable crossing 
angle  (°) 

1 
L1 L11/L1 

40 
7.836 0.5 

2 
L2 L22/L2 

7.835  0.5 
 

Table 7 Observed natural frequencies  
Out-of- 

plane (Hz) 
11.33 24.41 25.90 35.08 51.76 78.16 82.58 

In- 
plane (Hz) 

11.25 25.59 34.77 52.46 61.21 81.80 111.48 

 
Table 8 Solution ranges (experimental verification) 

Parameter Lower bound Upper bound 

Tension 0.26 × the true value 2 × the true value 
Bending 
stiffness 

1 
10 × the designed 

value 
Axial 

stiffness 
1 

10 × the designed 
value 

Table 9 Tension estimation results 

Method 
T1 (kN) 

(estimated 
/true) 

T2 (kN) 
(estimated 

/true) 

Maximum 
error 

Averaged 
error 

1 
165.4 

(1.100) 
103.7 

(1.001) 
0.1 0.05 

2 
169.0 

(1.124) 
73.2  

(0.707) 
0.29 0.21 

3 
142.7 

(0.949) 
29.7  

(0.287) 
0.71 0.38 

4 
152.8 

(1.016) 
111.1 

(1.073) 
0.07 0.04 

 
4.3 Solution Ranges 

The solution ranges used to solve the 
optimization problem were set as shown in Table 8. 
Because the designed values of the bending and 
axial stiffnesses are not the exact values, the ranges 
for the bending and axial stiffness were extended. 
As a result of this extension of the ranges of the 
bending and axial stiffnesses, the number of initial 
values for the MultiStart method was set at 1000. 

 
4.4 Tension Estimation Results and Discussion 

Table 9 presents the tension estimation results. 
If the methods are listed in ascending order of the 
maximum and averaged errors, the order is method 
4 < method 1 < method 2 < method 3.  

Although the accuracy of method 1 is inferior to 
that of method 4, the difference between their 
maximum errors is not significant, and the 
estimation accuracy of method 1 for cable 2 is quite 
high. Therefore, the vibration direction for the 
observed natural frequencies for the out-of-plane 
direction is considered to have been assigned 
correctly.  

Because method 2 showed lower accuracy when 
compared with methods 1 and 4, it is considered that 
some of the observed natural frequencies assigned 
to the in-plane direction may be natural frequencies 
in the out-of-plane direction. Since method 3, which 
used the three lowest in-plane natural frequencies, 
showed the lowest accuracy, it is thus possible that 
a natural frequency with a direction that was 
erroneously assigned may have been included 
among the three lowest natural frequencies assigned 
to the in-plane direction. 

The out-of-plane deformation is resisted by the 
tension and bending stiffness of the cables. In 
contrast, the in-plane deformation is resisted by the 
axial stiffness of the cables, in addition to the 
tension and bending stiffness. Therefore, the out-of-
plane natural frequencies are more reliable because 
the out-of-plane vibrations are easier to generate, 
and the in-plane natural frequencies are less reliable 
because in-plane vibrations are less likely to be 
generated. This may be the reason why method 1 
(which uses natural frequencies in the out-of-plane 
direction only) and method 4 (which does not 
specify the vibration direction for natural 

Clamp 
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frequencies) showed high accuracy. From the 
findings above, the use of methods 1 and 4 is 
recommended.  

 
5. CONCLUSIONS 

 
In Nielsen-Lohse bridges, braced cables cross 

each other and are connected by intersection clamps. 
In the current practice for cable tension estimation, 
these intersection clamps are removed, a vibration-
based cable tension estimation method for use on 
single cables is applied to each cable, and the 
intersection clamps are then reinstalled. To improve 
the efficiency of this inspection work, the authors 
previously proposed two tension estimation 
methods (methods 1 and 2) that could be used 
without removing the intersection clamps. Method 
1 estimates the tension based on the natural 
frequencies acting in the out-of-plane direction. 
Method 2 estimates the tension based on the natural 
frequencies acting in the in-plane direction. 
However, collection of the required number of 
natural frequencies in each direction and 
specification of the vibration direction for each 
natural frequency can occasionally be difficult.  

This study, therefore, proposes additional 
methods 3 and 4, which allow simultaneous input of 
both the out-of-plane and in-plane natural 
frequencies. The difference between these methods 
is that method 3 requires the vibration direction for 
each natural frequency but method 4 does not.  

The validity of both methods was verified using 
numerical simulations and experiments. The 
findings of this study are discussed below. 

In the numerical simulations, the validity of 
each of the proposed methods was verified using 54 
models with different material properties, cable 
lengths, intersection clamp locations, crossing 
angles, and cable length ratios. Method 1 showed 
the highest accuracy and method 2 showed the 
lowest accuracy among the four methods. Method 4 
showed higher accuracy than method 2 even though 
it does not require the vibration direction to be 
specified. Therefore, the use of method 1 is 
recommended if the vibration direction can be 
specified correctly, and the use of method 4 is 
recommended if the vibration direction is difficult 
to specify. 

Experiments were also performed to verify the 
proposed methods. The results showed that methods 
1 and 4 showed high accuracy, but methods 2 and 3 
showed low accuracy. From the comparison, it was 
speculated that the natural frequencies in the out-of-
plane direction were more reliable because out-of-
plane vibrations are more likely to occur, and the 
natural frequencies in the in-plane direction are less 
reliable because in-plane vibrations are less likely 
to occur. It was found that there is a possibility that 
natural frequencies in the in-plane direction are 

erroneously assigned as those in the out-of-plane 
direction. Therefore, it can be inferred that method 
1, which used only out-of-plane natural frequencies, 
and method 4, in which the vibration direction is not 
specified, showed the highest accuracy. 

Following both the numerical and experimental 
verifications, it was concluded that methods 1 and 4 
are recommended. However, the test cases are 
limited. In future work, we hope to perform 
verification tests on actual bridges. 
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