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ABSTRACT: In the analysis of reinforced concrete structures in general, and reinforced concrete road bridge
structures in particular, using the limit state method with ultimate internal forces, according to the stress model,
there are certain advantages compared to other previous methods. However, the limit state method with the stress
model did not exhibit behavior close to the actual operation of the structure. In particular, the structural behavior
of each working phase has not been described. Therefore, using the nonlinear analysis based on the nonlinear
deformation model allows the description of the stress-strain state of the structure in any loading period,
corresponding to the closer the actual behavior. This is a modern trend in many countries worldwide when applying
this structural analysis model. This study was conducted based on the nonlinear deformation model in the technique
codes of rules SP63.13330.2012, construction standards TCVN 5574:2018. In this study, a computational analysis
was performed for reinforced concrete double-cantilever beams in road-bridge superstructures based on nonlinear
deformational model to consider the nonlinear behavior of concrete and reinforcement. From the obtained results,
we can clearly observe the effectiveness of the proposed method in evaluating the bearing capacity under a
construction load. Therefore, the necessary conclusions and recommendations will be made for applying the
nonlinear deformation model in analysis of this type of road-bridge superstructures.

Keywords: Nonlinear Analysis, Nonlinear Deformation Model, Reinforced Concrete Element, Road-Bridge
Superstructure, Load- Carrying Capacity, Double-Cantilever Beams

1. INTRODUCTION concrete structures using a nonlinear deformation
model. The results obtained from these studies
Currently, many operating reinforced concrete showed that using a nonlinear deformation model
road-bridge superstructures with double cantilever significantly enhanced the carrying capacity of the
beams have already been constructed on various structures and showed convergence between
roads in Vietnam and Russia. These road-bridge technical construction standards [9-11]. The
superstructures were designed using the model nonlinear analysis always showed effectiveness in
drawings of Issue 1947, which are typical Russian comparison with the elastic analysis. In [12], the
drawings. In the design process, these road-bridge authors conducted a nonlinear analysis of tapered
superstructures are analyzed under live loads in the reinforced concrete columns. The results from this
form of a reference load that is many times lower than study demonstrated that the nonlinear analysis
the current load [1, 2]. The aforementioned showed accuracy in predicting the structural behavior
superstructures operate normally and are still in a matching with practical reality and increased the load
good state. However, it is sometimes necessary to resistance of the member by 11%.
evaluate the current condition of structures in In [13], the characteristics of nonlinear
situations in which experimental tests cannot be deformation and constitutive models of cemented
performed. Therefore, a nonlinear analysis was tailings backfills were studied. The authors concluded
performed by applying nonlinear deformation models that the deformation characteristics of the cemented
to evaluate the stress-strain state in each loading stage tailings backfill significantly influenced the stability
to verify the reserve load-carrying capacity of the of the mine stope and surface subsidence. In addition,
road-bridge superstructures. nonlinear analyses have been performed in many
In addition, further development of the theory in studies for road bridge structures. For example, a
the analysis of reinforced concrete structures involves study [14] presented the application of a nonlinear
the use of a nonlinear deformation model to model for a T-beam structure to calculate the
investigate the behavior of structural reinforced influence of the shear strength. From the results
concrete elements. Many studies have been obtained in previous studies [15-17], it is concluded
conducted on the use of nonlinear deformational that if nonlinearity is considered, the analysis results
models with various concerns. In [3-8] the authors for bridge structures are relatively consistent with the
developed a methodology for analyzing reinforced practical behavior of structures, and the economic
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factor is significantly improved.

Furthermore, in [18-20], the authors applied a
nonlinear deformation model to different structures,
such as building structures, reinforced concrete, and
pre-stressed  reinforced  concrete  road-bridge
superstructures. The results of these studies
demonstrate the effectiveness of the nonlinear
deformation model in improving the load-carrying
capacity. In addition, the authors suggested suitable
criteria for the limit state for the analysis of these
structures to explain the reserve load-carrying
capacity of the road-bridge superstructure. From the
results obtained in [18-20], the load-carrying capacity
of road-bridge superstructures can be warned when
experimental tests are lacking.

Based on the aforementioned reasons, in this
study, the authors proposed a calculation procedure
and established an effective algorithm using a
nonlinear deformation model. In addition, based on
the proposed approach, the authors analyzed double-
cantilever beams of road-bridge superstructures that
operate in many areas of Vietnam and Russia.
Comments and recommendations are provided from
the results obtained in the conclusion.

2. RESEARCH SIGNIFICANCE

In this study, a nonlinear deformation model was
used to analyze double-cantilever beams in road —
bridge superstructures. The proposed approach has
important implications for determining vehicle
classes that operate on roads. From this, it is clear that
the vehicle classes can be operated when an
experimental test cannot be performed. This has
important implications from the perspective of social
economics. In addition, the results obtained in this
study could explain the reserve load-carrying
capacity of road bridge superstructures with double
cantilever beams subjected to a current load higher
than that used in the design process.

3. ANALYSIS METHOD
3.1 Working stress and limit state methods

Road-bridge  superstructures  with  double
cantilever beams were built before 1962, and their
analysis was performed using the working stress
design method. With the release of specifications for
the design of railways, roads, and urban bridges and
pipes (SN 200-62), there has been a transition to the
limit-state method. The main differences between the
working stress design method and limit state method
are as follows: When calculating strength of
structures using the working stress design method, the
internal forces from standard loads with dynamic
coefficients were  first  determined  without
multiplying by reliability coefficients, then using
these forces, the stresses were calculated and
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compared with the “allowable stresses” which are
results of dividing the strength characteristics of
materials by safety factors. In the limit state method,
instead of one safety factor, three groups of reliability
coefficients (for loads yr, for material ym, and
responsibility of the structure yn), coefficients of
operating conditions, and load combinations are
included in the analysis. According to the limit state,
the durability of the structure is calculated based on
the limit stresses of the concrete and reinforcement.
For flexural members, it is calculated to ensure that
the plastic failure condition, that is, the reinforcement
yields plastically before the concrete in the
compressive zone is broken. The analysis was based
on the assumption that the stress in the tensile
reinforcement reached the design tensile strength, the
stress in the compressive concrete reached the design
compressive strength, the stress-strain diagram of the
concrete was rectangular, and the tensile concrete
area was not involved in the structural bearing
capacity.

In addition, applying the limit state method, the
load-carrying capacity of road-bridge superstructures
is calculated as follows: Determine the calculated
values of internal forces as bending moments, shear
forces and axial forces Mc, Qc, N¢ in beams-elements
and compare the calculated and critical values of
internal forces Mcr, Qcr, Ner in the most loaded cross-
sections of the elements.

Table 1 presents several parameters of the beams
of road-bridge superstructures with double-cantilever
beams of the two schemes of the typical drawing in
Issue 47 under the reference lane of moving loads AK
and HK. Table 1 also presents an approach for
calculating the vehicle classes of the reference lane
for the moving loads AK and HK.

From Table 1, it can be seen the comparison
between two methods, using the limit state method
and working stress method in the analysis of the road-
bridge superstructures with double-cantilever beams
of two schemes 5.375+13.3+5.375m  and
6.9+17.4+6.9m. From the obtained results of analysis
that presented in Table 1, we can see that the carrying
load capacity in the form of calculated vehicle classes
increased significantly by approximately in 1.5 times
for AK and 2 times for HK reference lane of moving
loads.

The modern method of calculating the strength of
reinforced concrete elements presented in the code of
rules [9] and [10] using a nonlinear deformation
model allows us to illustrate the stress-strain state of
structures at any stage of loading. The use of a
nonlinear deformation model provides the required
level of structural safety and the ability to utilize
better material reserves. In addition, by applying a
nonlinear deformation model, structural materials
behave as closely as possible to reality.
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Table 1 Example of load-carrying capacity of typical road-bridge superstructures with double cantilever beams

Scheme Scheme
5.375+13.3+5.375 6.9+17.4+6.9
Parameters Symbol  Unit  Section Section Section Section
. at the - at the
at middle at middle
beam beam
of span of span
support support
Gabarit G7+2:0.75 G7+2:0.75
Critical value of bending moment
(Limit state method - LS) Mer kNm 2623 3020 3775 4062
Allowable bending moment (Working
stress method — WS) Matiow kNm 1534 1837 2215 2473
?E’;dmgtgzme”t of dead load Maaa s KNm 343 684 709 1202
- WS method Maead ws  KNm 423 798 829 1405
Bending moment of moving load M s 1252 1698 1739 2250
-ALL M aiws 1661 2287 2244 2944
- HK80 M, o0 1s 1775 2328 2637 3320
M ka0 ws 1775 2328 2637 3320
Carrying calculated vehicle classes
using WS method - _ _ _
_ AK=10.5 AK=75 AK=9.5 AK=6.2
- AKZ[(MeMoeso-5)/MaiLs]*11 HK=53.7 HK=40  HK=456 HK=30.6
- HK=[(M¢r — Mdead-Ls)/Mukso-Ls] X80 ' ' '
Carrying calculated vehicle classes
using LS method
_ AK=14.6 AK=10.7 AK=144 AK=10
- AKZ[(MeMoess-5)/ MaziLs]x11 HK=99.2 HK=76.3 HK=89.4 HK=64

- HK=[(M¢r — Mdead-Ls)/Mukso-Ls] X80

3.2 Analysis Based on Nonlinear Deformation
Model

3.2.1 Theoretical Background

When Russian codes [9] were issued, Vietnamese
construction codes were later released [10], and the
analysis of reinforced concrete structures in these
countries could be performed based on the nonlinear
deformation model. Applying the regulations in these
documents, the stress-strain state of the structures at
any stage of loading is described in a nonlinear
analysis. The results of the nonlinear analysis can be
applied to consider the decrease in section stiffness
when the load increases.

For nonlinear analysis of double-cantilever beams
of road-bridge superstructures, the authors
formulated the relationships of various factors, such
as strains in the compressive zone of concrete e,
bending moment M, bending curvature of cross
section p, and stiffness of the cross section. The
stiffness of the cross-section is defined as the ratio
between the bending moment and bending curvature
of the cross-section B=M/(1/p). The relationship
between the bending moment M raised in the beams
and the stiffness of the cross-section is important
when using it in the analysis of the entire
superstructure.

To build the relationship between above-mention
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parameters, it needs to determine the strains e, &, &sc
which are strain in compressive concrete,
reinforcement, relatively. The relations between the
strains e, &, &c sand corresponding stresses o, os, osc
are defined according to the described lines in Fig.1
and Fig.2.

s

&

Ee1 €0 &2

Fig.1 State diagram of compressive concrete in
deformation model analysis

Os

G50

Gs2

&

&0
Fig.2 State diagram of
deformation model analysis
It means that:

&2

reinforcement in



International Journal of GEOMATE, April, 2024 Vol.26, Issue 116, pp.93-101

For compressive concrete, the relation as follows:

If 0< &< &c1, then oc=E¢ & (1)
If &c1 < &c< &co:
o = 1-Zayfefa  Oa R, 2
Rc gco _gcl Rc
If eco< ec< ec2, then oc=Rc (3)

Where 0'01:0.6‘Rc; Ec1— O'c]_/Ec; 8(;0:0.002; 802:0.0035.
In which, E;, Rc — Modulus of elastic and design
compressive strength of concrete.

And for tensile and compressive reinforcement:
0'50=0'52=Rs, 850=R5/Es, 852:0,025, Where Es, Rs -
modulus of elastic and design compressive strength
of reinforcement.

The following assumptions are accepted: the
stresses and strains are distributed by the element
height in accordance with the linear relation, as
shown in Fig.3. Tensile concrete was not considered
in the analysis [18-20].

z z
Osc
% B
x
NL FC

= i =g

J/ f(z)
J/
/& e LR

L___ ]

Fig.3 Scheme of distribution of strains and stresses of
compressive concrete and reinforcement along the
height of the beam section

From Fig.3, the internal forces of compressive
concrete of tensile and compressive reinforcement are
defined as follows [18,19, 20]:

Fc:JA ocdA; Fs:.[A osAs; Fsc:.[A 0scAsc (4)
Where A, dA are the area and infinitesimal area of
compressive concrete.

The strain of compressive concrete is designated as
variable ec.-. For each value of the variable, the bending
moment M and height of the compressive zone of
concrete x were determined from the equilibrium
equation:

ZF:F(;+F5+F5C=O (5)

The bending curvature of the cross-section was
determined as follows:

1/,0 zgc,z:xlx (6)

In this study, it is used MathCad programming
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software to perform the analysis. In the analysis, it is
established the various relationships of three factors
&cz=v, M and x

However, it is necessary to note that the stiffness
of cross section B=M/(1/p) is determined in two
stages of loading process.
- In first period of loading (e..=<ec),
corresponding to the Eq.(1), the stiffness B=M/(1/p)
is unchanged and to be the value of Eclyed, Where lreq
is the equivalent moment of cross-section inertia, and
the tensile concrete is not considered.
- The second stage corresponds to the point
lec-=x|=6c1, 0c1=0.6R¢, corresponding to Eq. (2), the
stiffness is determined to be M/(1/p)< Eclyes. The load
carrying capacity is decreased, and its loss is
determined by the conditions under which the strains
in the compressive concrete and reinforcement reach
the values &, &s2 as shown in Fig.1.

3.2.2 Procedure Analysis Based on Deformation
Model

- Given all necessary parameters for the analysis.
Example material parameters such as elastic modulus,
strength of concrete, reinforcement Ec, Es, Es, R, R,
Rsc, and geometrical dimensions of the beam section
b, bs, h, hr; parameters of reinforcement As, Asc, as, asc,
ho.

- Calculate the characteristics of geometry of
element section: Equivalent area Areq, equivalent first
moment of area Sreq, €quivalent moment of inertia lreq
- Establish the equilibrium equation of forces to
define the height of compressive zone x.

- Calculate the stresses oc(ec(ec,X)), Osc(esc(ciX)),
os(es(ec,X)), in cross-section’s height according to
Egs.(1) - (2).

- Calculate the forces as follows:

If x<ht F.(e.,. %) = b, jac (¢,, )dz ()
e T ®)
+b, j o.(e,, )dz
x-hy
Fsc(€0.2:X)=0sc(£02:X)-Asc 9)
Fs(ec2,X)=0s(€c2,X)-As (10)

Where, Fe(ecz,X) is force of compressive concrete
corresponding to the compressive height x.
Fsc(ecz,X) is force of compressive reinforcement
corresponding to the compressive height x.
Fs(ecz,x) is  force of tensile reinforcement
corresponding to the compressive height x.
- Calculate the bending moment of the forces at
the neutral axis of the section:
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If x<h¢
M., 9 =b o, )xzxdz (1)
0
If h<x x-hy
M (e, ) =b [ oy(e,, )x 2% dz
0 (12)
+bf j Oc(gc,z )X Zx dZ
x-h¢
Msc(€c,z,X)=Fsc(ec,2,X)- (X-asc) (13)
Ms(gc,zyx)z Ms(c‘fc,zyx)'(x"'as'h) (14)

M=} M(ecz,X)=Mc(ec2,X)+Ms(ec.2,X) +Msc(ecz,X) (15)

- Calculate the bending curvature 1/p and the stiffness
B=M/(1/p) of particle of beam-element with length dlI:

(16)

M

B(scyzzx,x) =
e

In the last step of calculation, it is built a
representation of the relationship between the above-
calculated factors (strains of compressive concrete,

17)

bending curvature, and section stiffness, etc.):
M=f(ec2), Up=f(ecz), B=f(ecz), B=f(M).

In this study, the authors applied this algorithm,
procedure, and recommended approach of nonlinear
analysis for double-cantilever beams of a road-bridge
superstructure. In addition, an algorithm was built,
and the programming routine was written in MathCad
software for reinforced concrete beams.

The results of this analysis can be applied to the
nonlinear analysis of entire road- bridge
superstructures. The decrease in section stiffness can
be considered according to the change in the bending
moment.

4. NUMERICAL EXAMPLE

In this section, the authors performed the
nonlinear analysis for double cantilever beams of
road-bridge superstructure with scheme
6.9+17.4+6.9m of typical drawing based on nonlinear
deformation model. Figs.4, 5, 6 illustrate the facade
and along section, cross section of the superstructure,
and the beam’s cross-section. The parameters of
dimensions and geometry characteristics of the cross-
section are presented in Table 2.

Design characteristics of materials as follows:
Elastic modulus of concrete E;=18900 MPa (M140),
reinforcement (class A-1) Es=206000 MPa; design
strength of concrete R.=6.4MPa, reinforcement
Rs=210 MPa.

Table 2 Dimension of cross section, geometrical characteristics

Cross b bt h hs As as As a ho Xo  epox10%
section cm cm cm cm cm? cm cm?2 cm cm cm
a, m
0(1-1) 60 260 140 14 204.1 124 454 49 1276 624 -2.032
8,7 (2-2) 60 260 115 14 1814 10 454 6.1 105 342 -2.032
Scheme 6.9+17.4+6.9m
Facade Section along bridge superstructure
; 3120 v
ﬂ 1 2 ﬂ 15
15 “ ﬂ ﬂ _y
8l | I H I | I H I | I H I 1150
i 0 E’ = @ 80, a0 Q
‘ \ /%1/’ = — - ‘ﬂ /E = ‘:‘
516 - Q
il \ i :
| ‘ |
ﬂ‘v 870 AL }
| |
e i |
690 A 1740 | 690

Fig.4 Facade and along section of road-bridge superstructure with double cantilever beams
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Fig.5 Cross section of double cantilever beams

At middle of span

At the support

15 | 75 700 75 |15
[ 4
0 " Cover 2cm c | n
= 4l =000 Q | = a‘lyer Waterproofing 2cm | 15 15 N
. ST M / /L i=0,015 | = LO].S; |
7 4% // % o 5% // 7
2 ///// Jaq 8 87%; o ///j/, o
// 77 // 7, —
\ - % 9%
% ‘ 60
| | |
65 | 130 | 500/2 1 500/2 | 130 | es
Fig.6 Cross section of road-bridge superstructure
Table 3 Results of nonlinear analysis in cross section at support and at middle of span
Cross section at support x=0
gex 10 -2.032 -5 -10 -20
x, cm 62.4 69.4 77.7 89.8
£sx10* 2.13 4.2 6.41 8.41
£ 10 -1.87 -4.65 -9.37 -18.9
M, KNm 982 1858 2789 3461
(L/p) x10%, m™ 3.26 7.2 12.86 22.27
B=M/(1/p), MNm? 3014 2580 2168 1554
0=-43.8 G=-86.3 0=-132.1 G=-173.4
Diagrams
Oc, Os, Osc, (MPa)
5 5 S :
- G£38.6 =95.7 ==\ &£193 G£210
=384 0=4.263 a=4.98 o=6.4
Cross section at middle of span x=8.7m
gcx 10 -2.032 -5 -10 -20
x, cm 34.2 42.9 52.4 30
gx10™ 4.2 7.23 10.1 50.1
£5cx10 -1.67 -4.29 -8.84 -15.93
M, KNm 1245 2037 2724 3233
(L/p)x10*, m? 5.94 11.65 19.1 66.81
B=M/(1/p), MNm? 2100 1750 1427 484
g=-3.84 a=-4.26 G=-4.98 G=-6.4
. o =-34.4 £-88.4 £-182 £-210
Diagrams P 2 § - ? gE%Q;
Oc, Os, Osc, (M Pa) v[ SE
G:=86.5 G=148.9] (:=206.95 0:=210
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Displacements along beams under different reference loads

6]

10

= Disp. under A11 load with initial stiffness
== Disp. under A11 load with decrease stiffness
Disp. under A14 load with decrease stiffness

12

14
0

16 20 24 28 32

XX

Coordinates along beam length, m

Fig.7 Displacements in beams under reference loads A11 and A14 with initial and decrease stiffness
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Fig.8 Diagrams of different

relationships of nonlinear analysis of road-bridge superstructure with double

cantilevered beams of scheme 6.9+17.4+6.9m: a —1/p=f(ec=x); b — M=f(ec =), € — MI(1ip)=Ff(M); 1 — for cross

section at support, 2 — for cross section at middle of span
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Fig.7 shows the results of the analysis using the
deformation model in the form of the displacement
distribution when the beams were subjected to
reference loads All and A14 with initial and
decreased stiffness. Fig. 8 presents diagrams of the
relationships between the strain of the compressive
concrete, bending curvature of the beam, bending
moment, and bending stiffness of the beam for the
cross-section at the support and middle of the road-
bridge superstructure span.

Comments:

Fig.7 shows the results of the analysis using the
nonlinear deformation model in the form of the
distribution of displacement when the beams were
subjected to reference loads A1l and A14 with initial
and decreased stiffness. The displacements in the
beams with decreased stiffhess were higher than those
in the beams with initial stiffness under the same
loading. This verifies the correctness of the proposed
approach using the nonlinear deformation model.

From Table 3, it can be seen that by applying the
proposed analysis approach using the nonlinear
deformation model, the stress-strain state in each
stage of loading was observed, and the distribution of
stresses in the cross-section of the beams was
changed.

Fig.8 illustrates the diagrams of different
relationships in the nonlinear analysis of road-bridge
superstructures with double cantilever beams using
the deformation model. From these diagrams, it can
be observed that the bending curvature and internal
forces changed at different stages of loading. Fig.8c
shows the relationship between the internal forces and
the section stiffness. The horizontal line segment in
Fig. 8c corresponds to the first and second periods of
change in the stress-strain state, indicating that the
section stiffness is constant. After “break point”
which corresponds to the value of strain in
compressive concrete £,=0.002, the section stiffness
began to decrease when the bending moment reached
a specific value gradually. Thus, it can be applied to
the spatial nonlinear analysis of whole systems of
beams in superstructures. When the decrease in
section stiffness is changed, the distribution of
internal forces occurs, and the load-carrying capacity
of the superstructure can be improved.

5. CONCLUSION

In this study, the authors recommended an
approach for the nonlinear analysis of reinforced
concrete beams of road bridge superstructures using
nonlinear deformation models of materials in
different construction standards. Based on the
recommended approach, the authors established an
algorithm, analysis procedure, and calculation routine
based on Mathcad software for reinforced concrete
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double cantilevered beams of road-bridge
superstructures. From the established procedure, a
numerical example was performed, and the
relationships among the strains of the compressive
concrete, bending curvature, internal forces, and
section  stiffness were  determined. These
relationships are meaningful in the nonlinear analysis
of entire superstructures to estimate the load-carrying
capacity in cases where an experimental test cannot
be performed.

The results of the analysis allow a systematic
demonstration of the development of the stress-strain
state of the beams at all the loading stages. The
relationship between internal forces and beam
stiffness can be applied in the analysis of entire road-
bridge superstructures to consider the decrease in
stiffness with a gradual increase in internal forces. In
addition, in the analysis considering the decrease in
the section stiffness, the internal forces were
redistributed in the superstructure. Therefore, it helps
to increase the load-carrying capacity of the
superstructure. Based on the obtained results, the
reserve of the load-carrying capacity of the modern
road-bridge superstructure can be explained because
they are currently subjected to a much greater load
than the load used in the designed process. In
addition, the results can be applied in the analysis of
entire road-bridge superstructures to estimate the
current load-carrying capacity of superstructures and
provide a warning of limit level loads when it is
difficult to perform experiments.
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