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ABSTRACT: The soil bears pronounced unsaturated features as the foundation pit being larger and deeper. This
study aims to investigate the influence of suction on the stability evaluation of foundation pit projects. In the
category of upper bound limit analysis theorem, a straight and logarithmic spiral line combined mechanism is
employed to simulate the slip surface and a horizontal slice method is advised to formulate the energy balance
equation. The errors between this paper and the benchmark solution are generally less than 2.0% when the soil
mass is discretized into 200 layers, indicating the satisfactory performance of the horizontal slice method and the
agreement with engineering requirements. Parametric analyses are conducted and the findings indicate that the
stability of foundation pit in fine-/coarse-grained soils would be underestimated/overestimated when suction is
not considered in analyses. The foundation pit in fine-grained soils is more sensitive to water infiltrations. Factor
of safety (FOS) drops 34.90% for SWCC-D and 16.40% for SWCC-C. For deeper foundation pits, FOS
increases nearly linearly with respect to the embedded depth ratio Hyo/H and the brace height ratio Hi/H. The
findings provide insights into the role of suction on the foundation pit stability. This semi-analytical method can

serve as an effective tool for stability analyses of unsaturated foundation pits.
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1. INTRODUCTION

Foundation pit is an indispensable component of
building and underground engineerings. As the
urbanization process proceeds, the land resources
become increasingly scarce and in return more and
more large and deep foundation pits emerges [1].
The foundation pit design becomes more complex
and significant technical challenges arise during the
construction stage [2]. Hence, to ensure the safety of
foundation pits and nearby buildings, more attention
is required and multiple verifications, including the
deformation calculation of foundation pit [3], the
strength design of supporting structures and the
stability assessments, should be performed during
the construction stage.

For the stability issues, the embedded depth
stability, the overall stability and the anti-bulge
stability, should be verified and different methods,
including numerical simulations, limit equilibrium
and limit analysis methods [4], can all be used to
address these stability problems. According to limit
equilibrium principle, Xiao W., Zhou X. and Gu K.
[5] recently presents a modified method to calculate
the FOS of narrow foundation pits in heterogeneous
soils. The calculated results show an agreement with
the model tests but neglecting the influences of
matric suction.

The soil in engineering practice exhibits obvious
unsaturated features universally. In addition to soil

particles and pore water, the presence of gas in soils
makes the properties of soil more complex. The
hydraulic and mechanical properties of unsaturated
soils differ with those of saturated soils significantly
[6]. Therefore, the unsaturated effects, characterized
by soil suction, becomes more prominent and can
hardly be ignored in the stability problems. For slope
stability issues, recent studies indicated that, when
soil suction is not considered in the analyses, the
slope stability is underestimated by 4% ~ 16% [7].
Similarly, the foundation pit stability would also be
underestimated when soil suction is not considered
and the security reserve can hardly be determined
explicitly.

Following the Mohr-Coulomb yield function and
the associated flow law, the upper bound limit
analysis theorem, has been proved to be an efficient
tool to address the stability problems of geotechnical
structures, specifically for homogeneous soils [8].
For heterogeneous materials, e.g., unsaturated soils,
however, establishing the energy balance equation
becomes more elaborated, resulting the difficulty in
obtaining an analytical solution, especially for 3D
cases [9,10]. Therefore, documents on the embedded
depth stability of foundation pit in unsaturated soils
using limit analysis method are insufficient. To
address the unsaturated soils, spatial discretization
techniques, such as the finite-element limit analysis
approach [11] that combined the limit theorems with
finite elements or the layer-wise summation method
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[12] based on divergence theorem and superposition
principle have been approved to be more effective
tools. Compared with the robust finite element limit
analysis method that discretizing the soil mass into
numerous elements and the theoretical analysis
approach that assuming a single soil block, the layer-
wise summation method is moderate in terms of
computational efficiency.

In this paper, a straight and logarithmic spiral
line combined mechanism is used for the stability
analysis of unsaturated foundation pit. To account
for the suction effect, the layer-wise summation
method is further modified to calculated the sliding
and anti-sliding moments arising from the active and
passive zones. The factor of safety in semi-analytical
forms is formulated. Comparisons with benchmark
results are then conducted, following by parametric
analyses regarding on the roles of suction effect,
phreatic line and infiltration rate on foundation pit
stability. The findings in this paper can provide
some guidance and reference for the design and
construction of foundation pits.

2. RESEARCH SIGNIFICANCE

Foundation pit stability relates to the supported
structures closely. To provide more realistic results
of the foundation pit stability, the suction in soils
should be considered in the analysis. However, the
contribution of soil suction to foundation pit stability
have not been addressed adequately in previous
studies. This paper aims to study the role of suction
in foundation pit stability assessments. A horizontal
slice method is suggested to formulate the energy
balance equation in the category of upper bound
limit analysis method. Parametric analyses are
conducted and the findings provide an insight into
the role of suction on foundation pit stability. The
proposed method can serve as an effective tool for
the stability analyses of unsaturated geotechnical
structures and can be further modified to address 3D
cases.
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Saturated soil layer

3. BACKGROUND
3.1 Unsaturated Foundation Pit

The foundation pit stability relates to many
factors, such as the foundation configuration (e.g.,
the length-width ratio and the breadth-depth ratio),
the supported structures, the hydrological conditions
and even the time effect [13]. For foundation pit
supported by stabilizing piles, the verification of pile
embedded depth is essential to guarantee the safety
of foundation pit.

The earth pressure distribution behind retaining
structure relates to its displacement modes and a
nonlinear relationship exists [14]. Compared with a
linear slip surface, a nonlinear one, especially for the
logarithmic spiral surface, has been proved to be the
most realistic one according to the theoretical and
experimental studies [15]. For foundation pit, model
tests and numerical studies indicate that the sliding
surface presents a curve and straight-line combined
shape [16,17].

Therefore, a straight and logarithmic spiral line
combined mechanism is employed for the stability
analysis of unsaturated foundation pit, as shown in
Fig.1. The soil is assumed to be ideal elastic-plastic
materials, govern by Mohr-Coulomb yield criterion,
satisfying the normality flow rule. Limit state of the
foundation pit with small deformation is studied and
an energy balance equation can be established to
obtain the factor of safety of the foundation pit.

The foundation pit depth is H and the supported
structure embedded depth is Ha, as depicted in the
graph. Only one brace is considered in the analysis
and the vertical distance between the brace and the
foundation pit bottom is Hi. It is assumed that the
phreatic line distributes horizontally after dewatering
and locates below the pile with a vertical distance zo,
dividing the soil into saturated and unsaturated zones.
It should be clarified that though the whole phreatic
line presents a funnel shape, a horizontal assumption
can greatly simplify the analysis and facilitate the
calculation and meanwhile yield satisfactory results.

A

Saturated soil

Fig.1 Mechanical model for stability analysis of foundation pit in unsaturated soils
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The soil inside and outside of the foundation pit
are passive and active zones, respectively. Due to
the earth pressure outside the foundation pit, the
supported structure tends to rotate clockwise around
the support point with an angular velocity w. In the
passive zone, the slip surface remains a logarithmic
spiral line that defined by a rotation angle 6. In the
active zone, the slip surface resembles a combined
straight line (with an angle of g measured from the
horizontal surface, g = #/4 + ¢'[2, ¢' is soil friction
angle) and a logarithmic spiral line described by a
rotation angle . Because of the continuity of the soil
movement, the straight and logarithmic spiral sliding
surfaces in the active zone connect continuously and
smoothly.

It should be noted that, in present analysis, it
assumed that the foundation pit is large enough to
incorporate the slip surface CD inside the foundation
pit, i.e., this slip surface intersects the foundation
bottom rather than the piles. When the foundation pit
width is reduced, this slip surface intersects the piles
and the foundation pit stability would be improved
slightly. For narrower foundation pits, some
adjustments are required for the proposed horizontal
slice method in this paper to address this condition.

3.2 Unsaturated Soils

The behavior of unsaturated soil has been proved
to follow the Mohr-Coulomb failure criteria by
numerous experimental tests. The enhancement in
soil strength due to soil suction is usually treated as
a cohesion value. With this treatment, the studies on
the stability of geotechnical structures can be greatly
simplified. This cohesion value (i.e., the capillary
cohesion) can be expressed as a function of the
matric suction y using the soil water characteristic
curve (SWCC) as [18]

Cop =V M ZW __Z’ jtan 4 @

where 6, 0s and 6, are volumetric, saturated and
residual volumetric water content, respectively. The
saturated volumetric water content can be derived
according to the saturated and dry unit soil weight

Psat and Yd aS 95 :(}/sat_yd)/?/w .

The volumetric water content of soils can be
described as [6]
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where y; is residual matric suction; ms, ns and ar are
fitting parameters of SWCC.

The unsteady motion in unsaturated porous media,
such as soils, can be described by using a partial
differential equation, i.e. the Richard Equation. For
foundation pits with a depth larger than 2.0 m, the
matric suction remains constant over time and varies
along soil depth merely. For steady flow conditions,

the matric suction can be expressed as a function of
spatial variable z, i.e.,

v =——n[@a/k)e " ~a/k ] @)

where « relates to air-entry pressure; q/ks is specific
discharge (negative and positive values represent
infiltration and evaporation, respectively); yw is unit
weight of water; z is vertical depth above the
phreatic line. For the issued unsaturated foundation
pit, the soil unit weight can be expressed as

7/’ = 7/d + 0w7w .
4. FORMULA DERIVATION
4.1 A Horizontal Slice Method

The supported structure rotates clockwise around
point O under the action of internal and external
earth pressures. The sliding and anti-sliding
moments M, and M, are generated due to the active
and passive zones, respectively, and can be derived
from the work rate balance equations. To calculate
the work rates of soil gravity and the work
dissipation rates of soil cohesion, a horizontal slice
method is advised, as shown in Fig.2.

It should be noted that, the adaptive meshing
method can also be employed to address the issued
problems. However, the proposed horizontal slice
method bears a clearer physical base and a concise
calculation process, facilitating the code compiling
greatly and no iterations are required. Furthermore,
in the derivation process, no differentiation or partial
differentiation operation is involved and hence non-
convergence never occurs during the calculations.

The active zone ABCE is firstly divided into soil
blocks ABB'E and BCB'. The soil block ABB'E is
subsequently discretized into n horizontal soil layers
equally along the vertical direction and each soil
layer remains a trapezoidal shape. Finally, the angles
[ and @, are discretized into n units equally, and the
soil blocks BCB' and CDD' are divided horizontally
according to these units.
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Phreatic line Saturated soil layer

Fig.2 A horizontal slice method to calculate the
work rate of soil gravity
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4.2 Sliding Moment Ma

The sliding moment M, can be derived from the
energy balance equation of the active zone, i.e.,
W +W. =W7,ABBE +Wy‘,3CB - DfB - DCBC (4)
where W, and W, are work rates done by normal and
shear stresses; W, = 0, as the shear stress passes
through the moment point O. The terms on the right
side of the equation denote the work rates of soil
gravity and the energy dissipation rates of soil
cohesion.

For soil block ABB'E, the layer thickness is
h =ﬁ/n and the unit soil weight at the centroid of

each soil layer is yi(zi). By accumulating the work
rate of each soil layer, the total work rate of soil
gravity can be found as:

n
W/BEE =" %1(2)S, peosin 6, (®)
i=1
where z; is vertical distance measured from the layer
centroid to the phreatic line; S; is area of each soil
layer; pi and 6; are polar diameter and angle relates

to the centroid of each soil layer, as depicted in Fig.2.

Detailed expressions of these variables can be found
in APPENDIX.

For soil block BCB', the rotation angle g is
discretized equally into n sections (the angle element
is A@=p/n) and the soil mass is subsequently
discretized into n horizontal soil layers. Similarly,
the unit soil weight at the layer centroid is yj(z). By
accumulating the work rate of each soil layer, the
total work rate of soil gravity can be found as:

W e =Z;7/j(zj)sjpja)sm 0, (6)
iz

where z; is vertical distance from the layer centroid
to the phreatic line; Sj is area of each soil layer; pj
and @; are polar diameter and angle relates to the
centroid, as depicted in Fig.2. Detailed expressions
of these variables can be found in APPENDIX.

The energy dissipated along the straight line AB

and the logarithmic spiral line BC, as shown in Fig.3.

The energy dissipation of an infinitesimal sliding
surface can be expressed as a product of the sliding
surface, its apparent cohesion and the corresponding
tangential velocity components. Integrating along
the entire sliding surface, the total energy dissipation
rate of soil cohesion can be obtained.

For the line AB, the total energy dissipation rate
becomes:

D® = I:‘ [+ Cep(2,) ] . COS B0 )

where Ccap(z1) is cohesion along the sliding surface;
z1 is vertical distance to the phreatic line, as depicted
in Fig.3; ds denotes the length of an infinitesimal
sliding surface; p. denotes the polar diameter of this
infinitesimal sliding surface to point O; 6; represents
angle AOB. These variables can also be found in
APPENDIX.

For the logarithmic spiral line BC, the total
energy dissipation rate is:

DE¢ =J'Oﬁ[c’+c (22)](H1+ H,)e® ™" odo (8)
where ccap(z2) is cohesion along the sliding surface;

Z» is vertical distance to the phreatic line and can be
found in APPENDIX.
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Fig.3 Calculation of the energy dissipation rate due
to cohesion

4.3 Anti-Sliding Moment M,

Similarly, the anti-sliding moment M, can be
obtained according to the energy balance equation of
the passive zone, i.e.,

W_+W, :WV?DD -DP
)

The work rate done by shear stress is zero as the
shear stress also passes through the moment point O.
The terms on the right side of this equation are work
rate of soil gravity and the energy dissipation rate.

According to the horizontal slice method, the
rotation angle @, corresponding to soil block CDD" is
discretized equally into n sections (the angle element
is A@=6,/n). The total work rate of soil gravity is:

W,?DD/ = 27@ (2)Syp sing, (10)
)

where yi(z) is unit soil weight at the layer centroid;
Z« is vertical distance to the phreatic line; Sk is area
of each soil layer, as depicted in Fig.2; px and 6 are
polar diameter and angle from the centroid of each
soil layer. These variables can also be found in
APPENDIX.

The total energy dissipation rate due to cohesion
along logarithmic spiral line CD is:

D = [*[¢'+ 00y (2) J(H, + H,) €™ g (11)

where z3 is vertical distance to the phreatic line and
can be found in APPENDIX.

According to the upper bound limit analysis
method and the combined line and logarithmic spiral
sliding surface, the embedded depth stability can be
expressed using the factor of safety (FOS) as a ratio
between the anti-sliding moment and the sliding
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moment, i.e., FOS=M_ /M, .
5. RESULTS
5.1 Comparisons

A classical foundation pit was studied to validate
the proposed method. The parameters are H = 10.27
m, Hy=4.27 m, Hz = 23.40 m, ysat = 17.70 KN/m3, yq
=15.20 kN/m3, ¢ = 17.70 kPa, ¢' = 10°, zo = 2.00 m.
For no suction cases, the solutions obtained by this
study and the benchmark solutions [5] are both list
in Table 1.

It can be found evidently that FOS drops sharply
at first and then declines slowly and approaches a
constant value as the layer number n increases. This
constant value is here selected as a benchmark value
and the other FOS is normalized this benchmark
value, as list in the table. For n > 200, FOS becomes
insensitive to the layer number and the error is less
than 2.00%. The solutions in this paper agrees with
the published one, illustrating the feasibility and
applicability of the proposed method in the safety
assessments.

It should be clarified that the convergence of the
proposed method depends closely on soil strength
parameters and the slope configurations [10]. The
method converges satisfactorily for 200 layers and
the errors can meet the engineering requirements.
Therefore, in the following analyses, a layer number
of n = 200 is used in the embedded depth stability
analysis of unsaturated foundation pit.

Table 1 Relations between FOS and layer number n

Layer number n Published

100 200 300 400 results [5]
FOS 1403 1394 1391  1.390 1371
Error (%) 2334 1678 1459 1386 0.000

5.2 Suction Effect

The previous foundation pit is investigated and
the suction is considered in the following analyses.
Four selected SWCC curves, covering a wider range
of unsaturated soils in engineering practice, are used
and the corresponding parameters are listed in Table
2 [19]. Generally, SWCC A and B represent coarse-
grain soils, C and D represent fine-grain soils.

The safety factor increases nearly linearly as H;
increases and nonlinearly as H, increases as shown
in Fig.4. This means that the foundation pit becomes
more stable when the brace is placed on the upper
portion of the foundation pit. The deeper the brace is
embedded, the more stable the foundation pit tends
to be. It is interesting to be noted form the graph that
FOS depends on soil types closely. The stability of
foundation pit in fine-grained soils is enhanced, but

is reduced in coarse-grained soils. This implies that
the stability of foundation pit in fine-/coarse-grained
soils would be underestimated/overestimated when
suction is not considered in the analysis. The suction
effect in fine-grained soils is more pronounced than
that in coarse-grained soils.

Table 2 Parameters for selected SWCC curves [19]
swce ar

Yr af
No. (Pa) ™ ™  kpa) (kPay) O
A 1 2 1 10 2.000 0.081
B 10 2 1 100 0.200 0.080
C 100 2 1 1000 0.020 0.078
D 1000 2 1 10000 0.002 0.073
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Fig.4 Relations between safety factor FOS and
parameter (a) Hi and (b) Ha

5.3 Influences of ¢ and ¢'

The safety factor increases nearly linearly with
the increase of ¢ and nonlinearly with the increase of
#', as shown in Fig.5. Similarly, the suction effect
plays a positive role in fine-grained soils, but a
negative role in coarse-grained soils. The suction
effect is more insensitive to soil friction angle, but is
relatively insensitive to soil cohesion. This is due to
the fact that the capillary cohesion, as expressed in
equation 1, relates closely to the soil friction angle
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and SWCC, but is independent on soil cohesion.
When the friction angle is fixed (Figure 5a), the

cohesion effect appears independent of soil cohesion.

Conversely, when the cohesion is fixed (Figure 5b),
the cohesion effect differs remarkably as the friction
angle increases. The suction effect nearly vanishes
as ¢' approaches zero.
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Fig.5 Relations between safety factor FOS and
parameter (a) ¢'and (b) ¢'

5.4 Influence of Infiltration Rate

Fig.6(a) shows the infiltration rate g/ks on the
foundation pit stability. As expected, the foundation
pit stability declines as the infiltration rate increases
and finally approaches the no suction cases as g/ks =
-1. Fine-grained soil is more sensitive to infiltration
rate; FOS drops 34.90% for SWCC-D and 16.40%
for SWCC-C. Therefore, specific attention should be
paid to the infiltration rate, as it is one of the most
important factors affecting the foundation pit
stability, especially in fine-grained soils. The finer
the soil is, the more significant the impact of
infiltration on the foundation pit stability becomes.
Conversely, for coarse-grained soils, FOS drops
only 3.58% for SWCC-B and 0.47% for SWCC-A.
This means that if the foundation pit locates in
coarse-grained soils, the influence of infiltration rate
on its stability can nearly be ignored. The coarser the
soil is, the smaller the impact of infiltration on the
foundation pit stability becomes.

5.5 Influence of Phreatic Line

The phreatic line depth possesses significant
impact on the foundation pit stability and also relates
closely to soil types, as depicted in Fig.6(b). The
stability of foundation pit in coarse-grained soils
declines gradually as the phreatic line drops. FOS
drops 14.70% for SWCC-A and 9.55% for SWCC-B.
This is consistent with the findings reported by
model tests and numerical simulations that the slope
stability decreases as the reservoir water level drops
[20, 21]. Conversely, for SWCC-D, the foundation
pit stability is enhanced linearly as the phreatic line
drops. FOS is increased by 21.50% as the phreatic
line drops from zo = 2 m to zo = 10 m. For SWCC-C,
though presents fine-grained soils, the foundation pit
stability also declines as the phreatic line drops
(FOS drops 4.56%). This is because that the unit soil
weight and cohesion profile along soil depth varies
dramatically as the phreatic line drops, resulting the
alteration of the foundation pit stability. The pore
water pressure dissipates and the effective stress
increases as the water level drops, causing soil shear
shrinkage deformation. Furthermore, the reduction
in matric suction reduces the soil shear strength and
the penetration due to the seepage also affect the
slope stability.
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Fig.6 Relations between safety factor FOS and (a)
infiltration rate and (b) phreatic line depth
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5.6 Influence of Hz/H and Hi/H

Fig.7 presents the relations between FOS and the
embedded depth ratio Ho/H and the brace height
ratio Hi/H, respectively. The SWCC-C is adopted
and the foundation pit depth varies from H =4 m to
12 m. The results without considering soil suction
are also plotted in the graph for comparisons. For
deeper foundation pits, FOS increases as the
embedded depth ratio increase universally whether
the soil suction is considered or not in the analysis.
However, the growth rate of FOS with respect to
Ha/H presents different patterns as the foundation pit
depth increases. A linear growth pattern for deep
foundation pit and a nonlinear growth pattern for
shallow foundation pit can be observed evidently.
For extremely shallow foundation pit, such as H = 4
m, FOS increases sharply at first and then decreases
slowly as the embedded depth increases.
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Fig.7 Relations between safety factor FOS and (a)
H./H (Hy/H = 0.2) and (b) Hi/H (Ho/H = 0.5)

This is because that the phreatic line is assumed
to be located beneath the supporting structure. The
phreatic line drops as the embedded depth increase
and a decrease in FOS can be observed for SWCC-C

as shown in Fig.6(b). The foundation pit stability is
improved evidently as the brace moves from the pit
bottom to the ground surface, as shown in Fig.7(b).
This is because that the force arm for passive zones
increases more evidently compared with that of
active zones. For deeper foundation pits, FOS
increases linearly with respect to the brace height.
For shallower foundation pits, however, FOS is
more sensitive to the brace height.

6. CONCLUSION

A straight and logarithmic spiral line combined
mechanism is used to simulate the potential slip
surface and a horizontal slice method is advised to
formulate the energy balance equation in the
category of upper bound limit analysis theorem. The
external work rate of soil gravity is calculated and
the factor of safety are obtained and compared with
the published solutions, indicating the validity of
this method. The method converges rapidly as the
layer number increases and the error is generally less
than 2.00% for a layer number of n > 200.

1) The foundation pit stability relates closely to
soil types. The stability of foundation pit in fine-
[/coarse-grained soils is nderestimated/overestimated
when the suction is not considered. The suction
effect in fine-grained soils is more pronounced than
that in coarse-grained soils.

2) The suction effect is more insensitive to soil
friction angle, but is relatively insensitive to soil
cohesion. The suction effect nearly vanishes as ¢'
approaches zero. Fine-grained soil is more sensitive
to the infiltration rate, and the influence of
infiltration rate on the stability issues cannot be
ignored. For coarse-grained soils, the influence of
infiltration rate on the stability of foundation pit can
nearly be ignored.

3) As the phreatic line drops, the stability of
foundation pit is generally reduced for coarse-
grained soils. For fine-grained soils, the influence of
phreatic line variation on foundation pit stability
depends on specific SWCC. For deeper foundation
pits, FOS increases nearly linearly with respect to
the embedded depth ratio Hy/H and the brace height
ratio Hiy/H. For shallower foundation pits, FOS is
more sensitive to Ho/H and Hy/H.

The proposed method can serve as an effective
tool to evaluate the embedded depth of stabilizing
piles in unsaturated foundation pit. Additionally, the
approach can be further modified to assess the basal
heave stability of foundation pit and even for 3D
unsaturated foundation pits.

7. ACKNOWLEDGMENTS
This research was performed with the financial

support from National Natural Science Foundation
of China (Grant No. 52208345, 52268054).



International Journal of GEOMATE, June, 2026 Vol.30, Issue 142, pp.1-9

8. APPENDIX

The variables z;, pi, 6 and S; in equation 5 can be
expressed as:

z,=2,+H,+H—-(i-05h i=1...n 1)
P =051, 4o)? +[(H —H,) - (i-0.5)h] 2
@ =arctan 05l o5

" (H-H,)—-(i-0.5)h ©
S, =0.5h(l_, +1)) (4)

where liand li.; are the upper and lower surface of
each layer. The width of the foundation is taken as
unit and [; can be expressed as:

l,=(H,+H,)e”™ cosa +
{H=H,+(H,+H,)e’™sina}tana (5)
—(i-Dhtana
The variables zj, pj, 6; and S; in equation 6 can be

expressed as:
Z;=72,+H,+H,

6
—T1,05C08[(j+0.5)A0]  j=1...n ©)
p; = \/{o.zs(l L) H{n s cos(j+0.5)A0)° (7)
0.25(1. +1.
6, =arctan ( i 1) @®
.05 COS(J +0.5)A0

S; =0.5(1, +Ij+1){rj cos jJAG—r,

j+1

cos( j +1)A9} 9)

where | and lj+1 are the upper and lower surface of

each layer and [; can be expressed as:

I; =r;sin JAO (10)

r=(H+H)e ™™ j=1.n (12)
The variables zi, ds, pc and 6 in equation 7 can

be expressed as:

2, =2,+H,+H,~(H,+H,)e”™ (sina—tan fcosa) (12)

_(H+Hy)e "™

ds o5’ 0 do (13)
—ptang’
<A H)E (14
_ —ptang’ o3
6, = arctan H-H,+(H,+H,)e sina (15)

cosa(H, +H,)e "™
The variables z, in equation 8 can be expressed
as:

z,=2,+H,+H,—-r(8)cosé (16)
The variables z, Sk, px and 6 in equation 10 can
be expressed as:

2, =2,+H,+H, —{r_ ;s cos(k +0.5)A6} 17
S, =0.5(I +1,,,) {1, coskA@—r, ,, cos(k +1)AG} (18)
I, =r.sinkAg (29)
ro=(H,+H,)e™ k=1.n (20)

P =[0.25(1, +1,.)f + (15 cOSk+0.5)A0) (21

0,

as:

4

10.

0.25(l, +1,.,)

= arctan l.o5 COS(k +0.5)A8 (22)
The variables z3 in equation 11 can be expressed
=2,+H,+H,—(H, +H,)e"™" cos® (23)
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