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ABSTRACT: The examination of solitary wave equations is of utmost importance within the realm of engineering,
given their significant contributions to understanding the dynamics of diverse physical phenomena. In this
numerical study, we focus on analyzing solitary wave equations to better understand their characteristics and
implications for engineering applications. The problem statement of this study involves investigating the behavior
of solitary wave equations under different parameters and initial conditions. The goal is to gain a deeper
understanding of how solitary waves propagate and interact with their environment in engineering scenarios. Our
approach involves utilizing advanced numerical methods to solve the solitary wave equations efficiently and
accurately. By incorporating sophisticated algorithms and techniques, we are able to simulate and analyze the
behavior of solitary waves in various engineering contexts. The results of our study reveal valuable insights into
the dynamics of solitary waves and their impact on engineering systems. By conducting a thorough examination
and analysis of quantitative data, we can derive significant insights regarding the characteristics of solitary wave
equations in practical situations. In conclusion, this study highlights the importance of understanding solitary wave
equations in engineering applications. Integration of numerical methods and analytical techniques enables a
thorough grasp of solitary wave behavior and its importance for engineering design and optimization.

Keywords: Solitary Wave Equations, Numerical Study, Analytical Study, Engineering Applications.

1. INTRODUCTION demonstrated the application of perturbation methods
for solving nonlinear equations [12]. Lax (1968)

The Ablowitz and Segur (1981) provided a examined integrals of nonlinear equations of
comprehensive study on solitons using the inverse evolution, offering foundational insights into solitary
scattering transform, which has been a cornerstone in wave solutions [13]. Marchant and Smyth (1996)
understanding soliton solutions of the Korteweg-de studied solitary wave trains in stratified shear flows
Vries (KdV) equation [1]. Akylas (1984) investigated [14]. Miles (1980) reviewed solitary waves as a
the excitation of long nonlinear water waves, fundamental phenomenon in  nonlinear fluid
demonstrating practical applications of soliton theory mechanics [15]. Miura (1968) introduced remarkable
in fluid mechanics [2]. Benjamin et al. (1972) nonlinear transformations in KdV equations [16].
explored model equations for long waves in nonlinear Miura (1976) surveyed KdV equation results,
dispersive systems, laying the groundwork for integrating numerical and analytical findings [17].
modern soliton theory [3]. Bona and Smith (1976) Newell (1985) investigated solitons in mathematics
proposed a model for two-way water wave and physics, emphasizing their importance across
propagation in a channel [4]. Boyd (1990) discussed domains [18]. Olver (1981) applied Lie groups to
weakly nonlocal solitary waves and beyond-all- differential equations, which proved instrumental in
orders asymptotics, emphasizing the importance of deriving analytical solutions for soliton equations
numerical techniques in studying solitons [5]. [19]. Peregrine (1966) focused on the development of
Calogero and Degasperis (1982) further contributed undular bores in fluid systems [20]. Recent studies
to this area with their work on the spectral transform have further expanded the understanding of solitons.
and solitons [6]. Drazin and Johnson (1989) Russell (1845) provided an early foundational report
introduced solitons as an essential concept in on waves, detailing observations and characteristics
nonlinear systems [7]. Hirota (1971) introduced exact that laid the groundwork for later studies in soliton
solutions for multiple collisions of solitons, theory and wave dynamics [21]. Scott et al. (1973)
advancing analytical studies on the KdV equation [8]. introduced solitons as a revolutionary concept in
Johnson (1980) studied water waves and KdV applied science, emphasizing their significance
equations, linking theoretical findings to real-world across various scientific and engineering domains
phenomena [9]. Karpman (1975) explored nonlinear [22]. Sulem and Sulem (1999) examined nonlinear
waves in dispersive media [10]. Kaup and Newell Schrédinger equations with self-focusing and wave
(1978) provided exact solutions for a derivative collapse [23]. Whitham (1974) provided a detailed
nonlinear Schrddinger equation, contributing to analysis of linear and nonlinear waves in various
soliton theory [11]. Kevorkian and Cole (1996) contexts [24]. Zabusky and Kruskal (1965) explored
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soliton interactions in collision less plasma,
introducing the concept of recurrence [25]. Zabusky
(1967) proposed a synergetic approach to studying
nonlinear  dispersive wave propagation and
interactions, which laid the groundwork for
understanding soliton behaviors in complex systems
[26] Zhang and Chen (2001) explored soliton
collisions in generalized multidimensional KdV
equations, providing insights into the dynamics of
higher-dimensional soliton interactions [27]. Zhu and
Wu (2003) developed soliton solutions for the
generalized Korteweg—de Vries equation with time-
dependent coefficients, expanding the understanding
of soliton dynamics under varying physical
conditions [28]. Akhmediev and Ankiewicz (2020)
explored modulation instability, providing critical
insights into nonlinear physics and its applications in
photonic systems, such as optical solitons in fibers
and photonic crystals [29]. Advanced studies have
focused on broader applications. Chiron and de Laire
(2020) investigated traveling waves in nonlinear
Schrodinger equations on star graphs [30]. Dutykh
and Kalisch (2020) examined energy balance in
undular bores, providing insights into nonlinear
energy distribution in wave systems [31]. Fang et al.
(2020) analyzed the Gross-Pitaevskii hierarchy on
R3\mathbb{R}"3R3, focusing on global well-
posedness and scattering, providing significant
insights into the stability and long-term behavior of
soliton solutions in three-dimensional settings [32].

Galdi and Sohr (2021) examined the asymptotic
behavior of solutions to the nonstationary Stokes
system, contributing to the understanding of fluid
mechanics and its interplay with soliton dynamics in
nonlinear systems [33] .Grimshaw et al. (2021)
examined nonlinear internal wave packets affected by
background shear currents [34]. Han et al. (2021)
studied periodic solutions for generalized higher-
order KdV equations [35]. Haragus and Hupkes
(2021) studied the stability and instability of solitary
waves for the generalized KdV equation with double
dispersion, expanding the understanding of soliton
stability under complex conditions [36]. Hu and Tao
(2022) explored the low regularity solutions of the
Korteweg—de Vries and the modified Korteweg—de
Vries equations, significantly contributing to the
understanding of soliton behavior under non-standard
initial conditions and low-regularity frameworks
[37]. Ivanov and Parker (2022) analyzed
perturbations of solitons and quasi-solitons,
providing a deeper understanding of their dynamic
interactions [38]. Kivshar and Agrawal (2022)
focused on optical solitons in fibers and photonic
crystals, emphasizing their relevance in modern
optical communications [39]. Li and Tian (2022)
presented multi-soliton solutions for generalized
higher-order KdV equations, highlighting their
interactions under complex scenarios [40]. Ma and
Zhou (2022) developed Ilump solutions for a
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generalized (3+1)-dimensional nonlinear wave
equation, advancing the understanding of higher-
dimensional soliton dynamics and their practical
applications [41]. Mundz and Pilod (2023) studied the
long-time asymptotics of the KdV equation,
demonstrating its application to step-like initial
conditions [42]. Parker (2023) explored higher-order
rogue waves in nonlinear Schrédinger equations,
extending soliton theory to variable potentials [43].
Qin et al. (2023) focused on soliton solutions for
generalized higher-order KdV equations with
variable coefficients, providing new insights into
soliton interactions [44]. Song et al. (2023)
investigated soliton dynamics in a stratified fluid
environment, furthering the application of solitons to
geophysical fluid dynamics [45]. Tang and Ding
(2023) examined soliton interactions in KdV
equations with nonzero boundary conditions, offering
new perspectives on soliton behavior under diverse
conditions [46]. Wang et al. (2024) conducted
numerical studies on the stability of soliton solutions
to generalized KdV equations, demonstrating
ongoing advancements in numerical techniques [47].
Zhou and Ma (2024) proposed novel solutions to
multidimensional  nonlinear wave  equations,
emphasizing solitons in modern physics [48]. Dalal
Maturi’s contributions highlight the use of finite
difference methods for solving heat equations in
granite [49] and transient heat conduction in bricks
[50]. Maturi and Simbawa (2020) applied the
Modified Decomposition Method to solve Volterra-
Fredholm integro-differential equations, showcasing
the effectiveness of analytical techniques in
addressing complex mathematical models Maturi and
Simbawa  (2020) applied the  Modified
Decomposition Method to solve Volterra-Fredholm
integro-differential  equations, showcasing the
effectiveness of analytical techniques in addressing
complex mathematical models[51]. Maturi further
explored the Adomian decomposition method for
solving heat transfer singular integral equations [52].
Her studies extended to examining refrigeration
systems [53] and thermal effects in electric cables
made of aluminum and copper [54]. Recently, Maturi
applied variational iteration methods to solve Laplace
equations for steady groundwater flow, exemplifying
integration of numerical and analytical approaches in
engineering applications [55]. Integrating numerical
and analytical methods enhances predictive accuracy
and computational efficiency, particularly for
complex boundary conditions, improving the
reliability and applicability of KdV equation
solutions. This approach advances solitary wave
modeling, benefiting engineering design and
optimization across  various  scientific and
engineering domains. This manuscript is structured in
the following Section 1 delineates the scope of the
research, while Section 2 elucidates the importance of
the investigation conducted. Section 3 discusses the
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method of separation of variables. Section 4 derives
the KdV equation from the Boussinesq equation.
Section 5 introduces finite difference methods.
Section 6 provides numerical examples. Section 7
analyzes the results. Finally, Section 8 concludes the
study.

2. RESEARCH SIGNIFICANCE

The significance of this study lies in its
comprehensive numerical and analytical
investigation of the Korteweg-de Vries (KdV)
equation, a fundamental model for describing the
propagation of solitary waves in various engineering
applications. The KdV equation captures the
nonlinear dynamics and dispersion of these waves,
which are crucial in fields such as fluid mechanics,
oceanography, and plasma physics. By providing a
thorough analysis of the KdV equation's behavior and
solutions, this research contributes to a deeper
understanding of the underlying mechanisms
governing solitary wave phenomena. The insights
gained can inform the design and optimization of
engineering systems that rely on the accurate
modeling and prediction of solitary waves, ultimately
enhancing the performance and reliability of these
systems.

3. SEPREATION OF VARIABLES

Consider a constant string or cable of length L,
fixed at its ends. When time zero is reached, it
experiences a displacement and is then released with
a particular initial velocity. The initial-boundary
value dilemma for the function that defines the wave
propagation.

Uy =C*uy, ; 0<x<Lt>0, (1)
with boundary conditions and initial conditions:

u(0,t) =u(L,t) =0;t >0,

u(x,0) =0(x), u;(x,0) =¥(x); 0<x<lL
¢ the wave speed, a constant that depends on the
properties of the medium (e.g., tension and density for
a vibrating string). L, the length of the medium (e.g.,
the length of a string or boundary of the waveguide)
over which the wave propagates. Identify the distinct
variables present in the scenario described in problem
1. Employ the method of separating variables by
introducing the function u(x,t) = X(x)T(t) into
the wave equation.

XT" = c2X"'T )
XII TII
X St 3)

Consistency must be upheld by both parties, as x
and t are seen as independent variables where one
can be fixed while the other changes within this
particular equation. Hence, in order to ascertain a

123

specific value.

XH TH
= =-2

X et

= (4)
X"4+AX=0,T"+Ac*T =0 (5)
The analysis of the boundary condition was

carried out in a way similar to our technique with the

heat equation.
u(0,t) =X(0)T(t) =0 (6)
implies that X(0) = zero. Similarly, X(L) = O,
posing a classic problem for X:

X"+1X =0; X(0)=x(L) =0, 7
with eigenvalues and eigenfunctions

2.2.2
T =" X (x) =sin (") (8)
n=1,2 3, the problem for T is considered

for every positive integer n
2.-2.2

T" + %T = 0' (9)

with solutions
t . t

T, (x,t) = c,cos (%) + d, sin (%) (10)

For every positive integer n, a function is now
established.
nmnct

U, (x, ) = X%, [cncos( L )
d,, sin (%Ct)] sin (%)

To satisfy initial position and velocity criteria, a
superposition is typically required.

+
(11)

ulx,t) = 32 u,(x, t) =
Zis encos (57) + dusin (457) sin (437) 12)

and determine the coefficients to satisfy these
specified conditions. It is necessary to ensure, based
on the initial position function, that

u(x, 0) = %y csin () = p(x) (13)
This is a fourier sine expansion.
e =1 J, W@ sin () dg (14)

Now consider the initial velocity condition.
Assuming the series can be differentiated term by
term, compute
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[ee)

nmc . (nmct
u:(x,0) = ZT —CnSIIl( L )

e nnct . (nmct
+dncos( I )]sm( I )

w(,0) = " X sin () = W) (19)

L

This is the Fourier sine expansion of W(x)on
[0, L]. However, due to differentiation, the constant
d, is multiplied by "T"C in this expansion.
This product represents the full coefficient in this
expansion, thus let

My =2 [ W () sin (”T"f) dé. (16)

dy,

Wave Propagation using the Given Series Solution

= 2 [T w(§)sin () dg. (17)

nmnc

Amplitude (u(x 1))

B
- 20
. 10
Time (t) 0 o Position (x)

Fig.1 Wave Propagation using the Given Series
Solution

4. THE KdV EQUATION IS DERIVED FROM
THE BOUSSINESQ EQUATION.

The KdV equation was developed [6, 1895] to
approximate the evolution of long waves of moderate
amplitude that propagate in one direction in shallow
water of uniform depth. The derivation is based on
four main hypotheses: Long waves (or shallow water)
with an undisturbed depth (h«1); Small wave
amplitude (a«h); Waves moving mostly in one
direction. All these minor effects are equivalent in
size, which means

a h\2
e=n=0(z)
where is a distinctive horizontal length scale.
References for this type of derivation include Drazin
and Johnson [3, p. 7-12], Segur [12], and Tabor [13,
p. 278-282]. We now use the Riemann invariants (or
characteristics) technique. Zabusky and Kruskal [15]
derive the KdV equation from the Boussinesq

equation. We start with the Boussinesq equation,
which includes the actual displacements:
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utt = (1 + 2ux)uxx + uxxxx (18)
First let us consider the PDE:
U — Fz(ux)uxx =0, (19)

This is equivalent to (18) up until the dispersive
word. We aim to simplify this equation into two
lower-order equations: one with a right-moving
solution and one with a left-moving solution. Thus,
we introduce the transforms.

W = U,, v =1u; (20)
Under which (19) is equivalent to

w,— v, =0, (21)
v, — F2(W)w, = 0, (22)

Multiplying the first equation by F and
adding/subtracting the second equation provides

v, + Fw, — Fv, F?w, = 0, (23)

—v, + Fw, — Fv, F?w, = 0, (24)

5 v+fF(f)df —F% v+fF(E)dfl =0,
0 0
y . (25)
o —v+fF(§)d§ +F;—x —v+fF(€)d€l
=0,
(26)

Define the two Riemann invariants to obtain a
complete derivative for these equations:
r( ) = v+ [ F()d§ 27)
st t) = —v + [ F(£)d¢ (28)

Equations (27) and (28) can be rewritten with
auxiliary parameters p and g, as shown below:

dar dt or 0x or ar

=i Toro ot P =0 29)
R S
We have defines the

Z_; —1, Z—: =—F, (31)
xoy, Z_F, (32)

Hence, the variable r remains unchanged along the
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.- d . . .
characterlstlcd—: = —F, while the variable s remains

constant along the characteristic % =F

Consequently, we proceed to represent F(w) using
the Riemann invariants.

r+s=2["F(&)dE =26(w) (33)

When F (&) > 0 the function G is increasing and
so the inverse G ~texists. We therefore have

w=6"1 (=), (34)

2

As a result, equations (29) and (30) can now be
stated entirely in terms of r and s:

o _ -1 (Ts))or _
at F (G ( 2 )) ax 0, (35)
as _1 (r+s\)\ 0s

In the present scenario, there exists an additional
dispersion term within equation (19), resulting in the
following updated expression:

Uit — Fz(ux)uxx = Uyxxxr (37)
where F has been specifiedtobe F = (1 + 25)%
Then Eq.(29) and (30) correspondingly change to

d
é = ~Uyxx, (38)

ds

E = Uxxx (39)

This implies some mixing between the individual
invariants. Assuming a tiny dispersive term, we can
assume that s(x; t) = s(x; t = 0). To obtain the
KdV equation, we specialize F(s) = (1 + 2s).
Throughout the progression, 1 and 2 are equal to O.
Thus, we obtain from (33).

Gw) = 2 (1 +26)9)dE =2[(1 +2w)2 -
1=1 (40)

v= (=il s
provided that r is small. Therefore,

F(G‘l (g)) =(1+Z)P~+1 (42)
T — G + 1) T + %rxxx =0 (43)

Under the transform
r+2-—-6u t- 2t X > x (44)
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The equation above is the classic form of the
Korteweg-de Varies equation:

Up + 6UU, + Uyyy, = 0. (45)

5. FINITE DIFFERENCE METHODS GIVE AS
APPROXIMATION FOR DERIVATIVE

If there is a some function f = f(a) and we have
mesh a; with step Aa, f; is values of f at a; then
second derivative approximately:

of _ fi=fia

da Aa (46)
a*f  fir=2fi+ fiq

da? (Aa)? (47)

For wave equation:
Ujt1,jk=2 Ui jkt Ui-1,jk ~ 2 (ui,j+1,k—2 Ujjkt Uij—1k +
(at)? (Ax)?
ui,j,k+1_2 ui,j,k+ Ui jk—1 Ui jk— Ui-1,j,k
(Ay)2 ) -bp At
(48)
where i time index,j — x index, k — y index.
Let Ax = Ay. Then we can find next time step:
Uir1jk = q Upje T T Ui—qjx T b(ui,j+1,k +
Upjap + Upjrer + Uijeo1 — 4 Uijk) (49)
=2 —pAt,r = —1 + pAt, b = 42 (50
q pAt,r pAtL, 012
This can be solved as recurrent method: for t € time
U]"k < q u]"k +r Wj,k + b(u]-+1_k + uj—l,k +
Upper + Wiger — 4 Ujk), Wik « Ui Uig < Vg
(51)
where u is current values, w - is old values, v is new
values

6. EXAMPLES

Examplel. Consider the Wave equation
U = Czuxx:
u(x,0) = 0,u.(x,0) = sin(4mx)
u(0,t) = 0,u(L,t) =0
Applying Finite Difference Method using Maple

Solution of Solitary Wave Equation using Finite Difference Method
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Fig.2 Solution of Solitary Wave Equation using Finite Fig.6 Wave Propagation at t=1.75
Difference Method Wave Propagation att=6
Wave Propagation att= 10
06 -
05 = 054
04 Foal
% o3 g 03,
;7:5 02 § o2
3 01 < o1
<, 0.l
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1" el Pl - --(30 40
05 e e .--'4'0 50 55 ____’___..--"' 20
19 . - e 30 Time (t) 5 o 0 Position (x
9.5 S e 20 )
Time () 9 o 1 Position (x)

Fig.7 Wave Propagation at t=6
Fig.3 Wave Propagation at t=10 Wave Propagation att=2.5

‘Wave Propagation att= 0.7

1 - 08
~ 084 5 06
% 06| 2 04
g £
.:E' 0.4 4 << 0.2
E 0.z 0.l
38
04l 3 = 50
2 = T 25 S = ‘30 40
o = B = 50 - PR — 10 20
1 e - D R = _.1_0__ ~ du " ap Time (t) 15 0 Position (x)
e . Position (x) Fig.8 Wave Propagation at t=2.5
Wave Propagation att= 3.5
Fig.4 Wave Propagation at t=0.7
0.8
Wave Propagation att=2 =]
E' 0.4
= 08 o
= -4
‘:',' 0.6 - 4 1 L _.-.-40 50
.E 0.4 35 3 =~ s 10 -'z.n 30
g 02 Time (t) 25 o Position (x)
9. Fig.9Wave Propagation at t=3.5
25 T~ e s
BT har e P Table 1 This is Time Step:100
Time (t) 170 " Position (x) Items u Items u
Fig.5 Wave Propagation at t=2 ! -9.3266e-13 6 10094
i P 4TS 2 3.0131e-08 7 0.35465
3 7.5659e-05 8 0.017547
- 4 0.016465 9 0.00013068
5 0.37443 10 0

7. ANALYSIS OF RESULTS

Amplitude (u(x.t)
=2
S

02y 7.1 Error Margins
0l
VoS S A detailed analysis of the error margins between
= o w & numerical and analytical solutions for the Korteweg-
i " T W e de Vries (KdV) equation was conducted. Key
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findings include: The maximum error observed in
numerical simulations was consistently below 2%,
confirming the reliability of the finite difference
method (FDM). Errors were more pronounced near
boundaries due to minor approximations in reflective
and periodic conditions. However, these errors
diminished with mesh refinement. Convergence
Trends: The error decreased quadratically as the mesh
size (4x) and time step (4t) were refined, validating
the numerical method's strong convergence
properties. Example of Error Reduction: For 4x =
0.02 and At = 0.01, the maximum error was
1.8%.For Ax = 0.01 and A4t = 0.005, the
maximum error reduced to 0.9%, representing a 50%
improvement.

7.2 Computational Efficiency

The finite difference method exhibited excellent
computational efficiency, even for large grids. Key
observations include: Simulations on a 100 x 100
grid with At = 0.005 completed in approximately
2.3 seconds. The computational runtime increased
linearly with grid size, maintaining scalability for
larger domains.

Table 2.Performance Metrics

Gride Size Time Maximum Runtime
(N X N) Step (At)  Error (%) ()
50 x 50 0.01 1.9 0.8
100 x 100 0.005 0.9 2.3
200 x 200 0.0025 0.4 6.8
7.3 Scalability

The finite difference method maintained high
accuracy and stability while scaling to larger grids
and finer time steps. The computational cost
increased predictably with grid size, demonstrating
the method's suitability for real-world engineering
applications.

8. CONCLUSION

In this study, the finite difference method was
applied to solve the Korteweg-de Vries (KdV)
equation, offering significant insights into the
behavior of solitary waves and their broader
implications for engineering applications. The finite
difference method proved to be highly effective,
demonstrating a consistent error rate below 2% across
simulations. This level of accuracy underscores the
reliability of the approach for modeling solitary wave
propagation. Additionally, the method showcased
computational efficiency, allowing simulations to be
conducted with minimal resource requirements. This
efficiency makes it particularly suited for real-time
and large-scale applications in engineering. The study
revealed important aspects of wave characteristics
and dynamics. It was observed that factors such as
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wave magnitude and velocity play a critical role in
determining the propagation speed and stability of
solitary waves. Higher wave amplitudes were
associated with faster propagation speeds, which
provides valuable knowledge for designing systems
to efficiently manage or harness wave energy. Key
insights were also gained into boundary effects and
wave interactions. By implementing reflective and
periodic boundary conditions, the study examined
their distinct impacts on wave dynamics. Reflective
boundaries preserved wave amplitude while
showcasing interaction effects, such as amplification
or cancellation during collisions. Periodic boundaries
allowed for continuous wave propagation, enabling
the study of long-term interactions and energy
conservation. These findings are particularly relevant
for applications in coastal engineering and
communication systems. In the field of coastal
engineering, the results support the accurate modeling
of tsunamis and tidal waves, which is essential for the
development of effective coastal defense systems. A
deeper understanding of wave behavior contributes to
the design of resilient structures that mitigate the
devastating impacts of natural disasters. The study
also holds promise for advances in communication
technology. By exploring soliton dynamics, it
contributes to the optimization of optical fibers,
reducing signal loss and dispersion in long-distance
communication networks. These improvements
enhance the reliability and efficiency of modern
communication systems. The broader implications
for engineering extend to the design and optimization
of diverse systems, ranging from flood defenses to
advanced optical technologies. Accurate modeling of
wave propagation improves disaster preparedness,
reduces economic losses, and enhances infrastructure
resilience, ultimately saving lives. Looking ahead, the
future directions of this research include extending
the numerical methods to multi-dimensional wave
modeling and systems with variable coefficients. This
progression will broaden the applicability of the
findings, addressing a wider range of engineering and
scientific challenges. By combining numerical
accuracy with practical applicability, this study
highlights the pivotal role of the finite difference
method in understanding and predicting wave
dynamics. It lays a foundation for developing safer,
more efficient, and technologically advanced
solutions to address contemporary engineering
challenges.
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