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ABSTRACT: In this paper, Volterra Integral equations of the second kind arise in several applications.
These include applications in biology, physics, chemistry and engineering. In recent years, much work has
been carried out by researchers in mathematics and engineering in applying and analyzing novel numerical
and semi-analytical methods for obtaining solutions of integral equations of the second kind. The Modified
Decomposition Method for solving Volterra integral equations of the second kind by using Maple program,
By the Taylor expansion of components apart from the zeroth term of the Adomian series solution. Some
numerical examples are provided to demonstrate the validity of the method, so all calculations can be easily
using Maple to find that exact solution. In the current paper, the principle of the Modified decomposition
method is described and its advantages are Some illustrative examples are presented and the results show that
the solutions obtained by using this technique have a close agreement with series solutions obtained with the
help of the Modified Decomposition Method using Maplel7.
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1. INTRODUCTION

The modified decomposition method [1]-[3]
has been efficiently used to solve linear and
nonlinear problems such as differential equations
and integral equations.

The modified decomposition needs only a
slight variation from the standard decomposition
method may provide the exact solution by using
iterations only and sometimes without using the
so-called adomain polynomials, its effectiveness is
based on the assumption that the function f can be
divided into two parts and the paper choice of f;
and f5 .

2. THE MODIFIED DECOMPOSITION
METHOD

Adomian decomposition method the use of the
recurrence relation:

uy(x) = f(x),
U1 (1) = A [) K(x, Huy(t) dt, k >0, (1)
where the solution u(x) is expressed by an infinite
sum of components defined before by
u(x) = Yo Un(x) 2)
In view of (1), the components u, (x),n = 0 can
be easily evaluated. The modified decomposition

method [1]-[4] introduces a slight variation to the
recurrence relation (1) that will lead to the
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determination of the components of u(x) in an
easier and faster manner. For many cases, the
function f(x) can be set as the sum of two partial
functions, namely fi(x) and f,(x). In other
words, we can set

fx) = f1(2) + f2(0). ®3)

In view of (3), we introduce a change in the
formation of the recurrence relation (1). To
minimize the size of calculations, we identify the
zeroth component uy(x) by one part of f(x),
namely fq(x)orf,(x). The other part of f(x) can
be added to the component ul(x) among other
terms.

In other words, the modified decomposition
method introduces the modified recurrence
relation:

uy(x) = ];1(3‘5),
uy(X) = f,(0) + 2 f K (x, Oy (8) dt,
0

Uy (x) = /1f0x Kx, u,(t)dt, k=1. (4)
This shows that the difference between the
standard recurrence relation (1) and the modified
recurrence relation (4) rests only in the formation
of the first two components u0(x) and u, (x) only.
The other components w;, j = 2remain the same in
the two recurrence relations. Although this
variation in the formation of uy(x) and u,(x) is
slight, however it plays a m,ajor role in
accelerating the convergence of the solution and in
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minimizing the size of computational work.
Moreover, reducing the number of terms in f;(x)
affects not only the component u4 (x) ,but also the
other ~ components as well. This result was
confirmed by several research works.

Two important remarks related to the modified
method [1]-[4] can be made here. First, by proper
selection of the functions f;(x) and f,(x), the
exact solution u(x) may be obtained by using very
few iterations, and sometimes by evaluating only
two components. The success of this modification
depends only on the proper choice of f(x)and
f2(x), and this can be made through trials only. A
rule that may help for the proper choice of
f1(x)and f,(x) could not be found yet. Second, if
f(x) consists of one term only, the standard
decomposition method can be used in this case.

3. EXAMPLE

Examplel. Consider the Volterra integral equation
of the second kind

u(x) =1+2x+sinx + x* — cosx
X

—fu(t)dt.

0
Applying the Modified Decomposition Method
using Maple we find

Table 1 Numerical results and exact solution of
Volterra integral equation for example 1

x u(x) Exact Error
=2x
+ sin x
0.10000 0.2998334 0.2998334 0.0000000
0.20000 0.5986693 0.5986693 0.0000000
0.30000 0.8955202 0.8955202 0.0000000
0.40000 1.1894183 1.1894184 0.0000000
0.50000 1.4794255 1.4794256 0.0000001
0.60000 1.7646425 1.7646429 0.0000004
0.70000 2.0442177 2.0442191 0.0000014
0.80000 2.3173561 2.3173603 0.0000042
0.90000 2.5833269 2.5833376 0.0000107
1.00000 2.8414710 2.8414958 0.0000248

It is obvious that each component of u; ; is nearly
by exact solution. This in turn gives the exact
solution by

Exact = 2x + sinx

Fig.1 Plot 2D of the exact solutions result Of
Volterra integral equation for example 1.

Example2. Consider the Volterra integral equation
of the second kind

1
ulx) =1+ x + x2 +Ex3 + cosh x + xsinhx
X

- f xu(t)dt.

0
Applying the Modified Decomposition Method
using Maple we find

Table 2 Numerical results and exact solution of
Volterra integral equation for example 2

x u(x) Exact Error
=1+x
+ coshx
0.10000 2.1050042 2.1050042 0.0000000
0.20000 2.2200668 2.2200667 0.0000000
0.30000 2.3453385 2.3453385 0.0000000
0.40000 2.4810724 2.4810723 0.0000000
0.50000 2.6276260 2.6276259 0.0000001
0.60000 2.7854652 2.7854652 0.0000000
0.70000 2.9551690 2.9551674 0.0000016
0.80000 3.1374349 3.1374288 0.0000061
0.90000 3.3330864 3.3330613 0.0000251
1.00000 3.5430806 3.5429900 0.0000900

It is clear that each component of w; ; is almost an
accurate by exact solution. This in turn gives the
exact solution by

Exact=1+ x+ coshx
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Fig. 2 Plot 2D of the exact solutions result Of
Volterra integral equation for example 2.

Example 3. Consider the Volterra integral
equation of the second kind

u(x) = e* — xe* + sinx + xcosx
X

- f xu(t)dt.

0

Applying the Modified Decomposition Method
using Maple we find

Table 3 Numerical results and exact solution of
Volterra integral equation for example 3.

x u(x) Exact Error
=e*
+ sin x
0.10000 1.2050043 1.2050000 0.0000043

0.20000 1.4200721 1.4200000 0.0000721
0.30000 1.6453790 1.6450000 0.0003790
0.40000 1.8812430 1.8820000 0.0007570
0.50000 2.1281468 2.1290000 0.0008532
0.60000 2.3867613 2.3890000 0.0022387
0.70000 2.6579704 2.6580000 0.0000296
0.80000 2.9428970 2.9450000 0.0021030
0.90000 3.2429300 3.2430000 0.0000700
1.00000 3.5597528 3.5610000 0.0000000

It is interesting to point that each component of
u; j is nearly by exact solution. This in turn gives
the exact solution by

Exact = e* + sinx

Fig. 3 Plot 2D of the exact solutions result Of
Volterra integral equation for example 3.

Example 4. Consider the Volterra integral
equation of the second kind

X

u(x) = sinhx + coshx — 1 — fu(t)dt.

0
Applying the Modified Decomposition Method
using Maple we find

Table 4 Numerical results and exact solution of
Volterra integral equation for example 4.

X u(x) Exact Error
= sinh x
0.10000 0.1001668 0.1001668 0.0000000

0.20000 0.2013360 0.2013360 0.0000000
0.30000 0.3045203 0.3045203 0.0000000
0.40000 0.4107523 0.4107523 0.0000000
0.50000 0.5210953 0.5210954 0.0000001
0.60000 0.6366536 0.6366540 0.0000004
0.70000 0.7585837 0.7585851 0.0000014
0.80000 0.8881060 0.8881102 0.0000042
0.90000 1.0265167 1.0265275 0.0000108
1.00000 1.1752012 1.1752263 0.0000251

It is important to note that each component of u; ;
is almost accurate by exact solution. This in turn
gives the exact solution by

Exact = sinh x
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Fig. 4 Plot 2D of the exact solutions result Of
Volterra integral equation for example 4.

Example 5. Consider the Volterra integral

equation of the second kind
X

u(x) =e* +xe* —x— f xu(t)dt.
0
Applying the Modified Decomposition Method

using Maple we find

Table 5 Numerical results and exact solution of
Volterra integral equation for example 5.

Exact Error

=e*

1.1051709
1.2214028
1.3498588
1.4918247
1.6487213
1.8221188
2.0137527
2.2255409
2.4596031
2.7182818

x u(x)

0.10000
0.20000
0.30000
0.40000
0.50000
0.60000
0.70000
0.80000
0.90000
1.00000

1.1008212
1.2064797
1.3215859
1.4505445
1.5975986
1.7668722
1.9624114
2.1882247
2.4483235
2.7467615

0.0000000
0.0000000
0.0000000
0.0000000
0.0000001
0.0000004
0.0000014
0.0000042
0.0000108
0.0000251

It is obvious that each component of w; ; is nearly
by exact solution. This in turn gives the exact
solution by

Exact = e*
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Fig. 5 Plot 2D of the exact solutions result Of
Volterra integral equation for example 5.

Example 6. Consider the Volterra integral
equation of the second kind
u(x) =x+x% —2x3 —x*
X

+12 f(x —tu(t)dt.
0
Applying the Modified Decomposition Method

using Maple we find

Table6 Numerical results and exact solution of
Volterra integral equation for example 6.

Exact Error

=x+ x?

0.1100000
0.2400000
0.3900000
0.5600000
0.7500000
0.9600000
1.1900000
1.4400000
1.7100000
2.0000000

x u(x)

0.10000
0.20000
0.30000
0.40000
0.50000
0.60000
0.70000
0.80000
0.90000
1.00000

0.1100000
0.2400000
0.3900000
0.5600000
0.7500000
0.9600000
1.1900000
1.7100000
2.0000000
2.7467615

0.0000000
0.0000000
0.0000000
0.0000000
0.0000000
0.0000000
0.0000014
0.0000042
0.0000108
0.0000251

It is important to note that each component of u; ;
is almost accurate by exact solution. This in turn
gives the exact solution by

Exact = x + x*
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Fig. 6 Plot 2D of the exact solutions result Of
Volterra integral equation for example 6.

Example 7. Consider the Volterra integral
equation of the second kind
1 1
ulx) = — 2% + Zsin(Zx) + sin?(x)

+fu(t)dt.

0
Applying the Modified Decomposition Method
using Maple we find

Table 7 Numerical results and exact solution of
Volterra integral equation for example 7.

Exact Error

= sin?(x)

X u(x)

0.10000
0.20000
0.30000
0.40000
0.50000
0.60000
0.70000
0.80000
0.90000
1.00000

0.0099667
0.0394695
0.0873322
0.1516466
0.2298488
0.3188211
0.4150164
0.5145997
0.6136008
0.7080734

0.0099667
0.0394695
0.0873322
0.1516466
0.2298488
0.3188211
0.4150164
0.5145998
0.6136010
0.7080728

0.0000000
0.0000000
0.0000000
0.0000000
0.0000000
0.0000000
0.0000000
0.0000001

0.0000002
0.0000006

It is clear that each component of u; ; is almost an

accurate by exact solution. This in turn gives the
exact solution by

Exact = sin*(x)
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0.6

0.44

0.34

0.14

Fig. 7 Plot 2D of the exact solutions result Of
Volterra integral equation for example 7.

Example 8. Consider the Volterra integral
equation of second kind

1 1
u(x) = 2%~ Zsinh(Zx) + sinh?(x)

+fu(t)dt.

0
Applying the Modified Decomposition Method
using Maple we find

Table 8 Numerical results and exact solution of
Volterra integral equation for example 8.

X u(x) Exact Error
= sinh?(x)
0.10000  0.0100334  0.0100334  0.0000000
0.20000 0.0405362  0.0405362  0.0000000
0.30000 0.0927326  0.0927326  0.0000000
0.40000 0.1687175  0.1687175  0.0000000
0.50000 0.2715403  0.2715403  0.0000000
0.60000 0.4053278  0.4053278  0.0000000
0.70000 0.5754492 05754492  0.0000000
0.80000 0.7887322  0.7887322  0.0000001
0.90000 1.0537364  1.0537366  0.0000002
1.00000 13810972  1.3810978  0.0000006

It is interesting to point that each component of
u; ; is nearly by exact solution. This in turn gives
the exact solution by

Exact = sinh?(x)



International Journal of GEOMATE, Oct., 2019 Vol.17, Issue 62, pp. 23-28

01 02 03 04 05 06 07 08 08 10
Fig. 8 Plot 2D of the exact solutions result Of
Volterra integral equation for example 8.

4. CONCLUSIONS

In this paper, the Modified Decomposition
Method to the solution of Volterra integral
equation numerical results demonstrates that our
method is an accurate and reliable numerical
technique for solving Volterra integral equation.
Finally, The Modified Decomposition Method
using Maple can be easily extended and applied to
linear or nonlinear Fredholm and Volterra integral
equations of the first or second kind.
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